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The concept of “sample coverage” used in animal abundance estimation is modified to evaluate the undercount of a census. Lack of
independence between the census and its postenumeration survey leads to correlation bias for the standard estimator of population
size. An additional recapture sample (besides the census and postenumeration survey) can be used to estimate the correlation bias
due to two types of dependences. This work expresses the correlation bias for the three-sample model as a function of expected
sample coverage and measures of dependence between lists. A nonparametric population size estimator that incorporates the
correlation bias is proposed. A simulation study investigates the performance of the proposed procedure. Data from a 1988 dress
rehearsal study for the 1990 census conducted by the U.S. Bureau of the Census are used to illustrate the proposed three-system
estimation procedure and to compare the resulting estimates with those given by Darroch, Fienberg, Glonek, and Junker and

Zaslavsky and Wolfgang.
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1. INTRODUCTION

The U.S. census undercount problem has been widely
discussed in the literature. An overview of this topic was
provided in a collection of articles on the 1990 census in the
September 1993 issue of the Journal of the American Sta-
tistical Association. A series of papers by Fienberg (1992
and references therein) in Chance described the controver-
sial issue of the adjustment of the census results. More re-
cently, three theme papers with discussions appeared in the
November 1994 issue of Statistical Science. The debate on
this topic has also attracted the interest of non-Americans,
as well as people in other research fields. This article pro-
vides an outside view on a special type of census undercount
problem from the standpoint of animal abundance estima-
tion.

It is well known that there are two principal approaches
to evaluating the U.S. census undercount: (1) demographic
analysis using vital data of birth, death, immigration, and
emigration records (Robinson, Ahmed, Das Gupta, and
Woodrow 1993), and (2) dual-system estimation using a
postenumeration survey (PES) (Hogan 1993). We focus on
the second approach, for which a PES is conducted after
the census. In this article a “system” refers to a census,
PES, list, or a “capture” sample. A dual-system estimator
(DSE) based on the census and its PES for each poststratum
defined by geographical and demographic variables is com-
monly used to estimate the undercount by assuming that
these two lists are independent.

The independence assumption in wildlife studies is usu-
ally expressed in terms of “equal catchability”—all animals
have the same probability of capture in each trapping sam-
ple. Ecologists and biologists have long recognized that
this assumption is rarely valid in most practical applica-
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tions. Because individuals can be cross-classified according
to their presence and absence in each sample, the data can
be summarized by a 2 x 2 table. Hence the independence
assumption for human populations is usually interpreted in
terms of the concept of independence from a 2 x 2 categori-
cal data analysis. Lack of independence between the census
and its PES leads to a bias for the DSE, usually referred to
as “correlation bias.” Similar bias arises if there are more
than two systems. This bias may be due to the following
two types of dependences:

» Dependence within each individual. Conditional on any
individual, inclusion in the census has a direct causal
effect on his or her inclusion in the PES; for example,
if the probability of being listed in the PES given his
or her presence in the census is higher than that given
his or her absence in the census, then the census and
the PES become positively dependent. This type of de-
pendence is usually referred to as “list dependence” in
the literature; it means that the probability for inclu-
sion in any sample for a given individual depends on
his or her records of other samples. See Section 2.1.2
for details. In a stratified analysis, the foregoing argu-
ments can also be applied to each substratum instead
of each individual.

» Heterogeneity between individuals. Even if the two
lists are independent within individuals, the lists may
become dependent if the capture probabilities are het-
erogeneous among individuals. This phenomenon is
similar to Simpson’s paradox in categorical data anal-
ysis. That is, aggregating two independent 2 x 2 ta-
bles might result in a dependent table. Hook and
Regal (1993) provided an example in epidemiologi-
cal applications. Further discussion is given in Sec-
tion 2.1.1.

These two types of dependences are confounded and
cannot be separated in a data analysis unless more infor-
mation is provided. Several authors have made significant
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contributions to relaxing the independence assumption in
the context of census undercount estimation. Isaki (1986)
proposed several alternative DSEs to incorporate the corre-
lation bias due to list dependence. Bell (1993), Isaki and
Schultz (1986), and Wolter (1990) suggested the use of
additional demographic information (e.g., population totals
or sex ratio) to weaken the independence assumption. Za-
slavsky and Wolfgang (1993) proposed using a third system,
besides the census and PES, to provide additional informa-
tion to assess the dependence. Their method is illustrated
by using the data from a 1988 dress rehearsal census, its
PES, and an administrative data source as the third sample.
Assuming independence within each individual, Darroch,
Fienberg, Glonek, and Junker (1993) also proposed the use
of a third sample using a log-linear model approach with
the Rasch model (Rasch 1961). Alho, Mulry, Wurdeman,
and Kim (1993) modeled the heterogeneity using a logis-
tic model containing several explanatory variables under
the assumption of independence within individuals. Agresti
(1994) considered the applications of the Rasch model to
capture-recapture models. His results can be adapted easily
to a census undercount estimation as well.

The idea of sample coverage (Good 1953) has been used
in species estimation (see Bunge and Fitzpatrick 1993 and
Chao and Lee 1992 for reviews). The basic idea is that
the sample coverage can be well estimated in nonindepen-
dent cases. Thus an estimator of population size can be
derived via the relation of sample coverage and population
size. Chao. Lee, and Jeng (1992) extended this idea to esti-
mate wildlife population size from capture-recapture data.
This work cannot be directly applied to the census under-
count problem, however, because (1) there are usually more
trapping samples in wildlife studies whereas in the census
problem only two or three lists are available, (2) the Rasch
model and its generalizations (see Sec. 2.1) commonly used
for human populations cannot be expressed in the form of
any model adopted for animal populations, and (3) although
a PES is conducted after the census, there is usually no tem-
poral or sequential time order for the third list; such order
usually exists in typical animal experiments. Thus the meth-
ods used in wildlife studies need to be modified to handle
the census undercount estimation. This is our basic motiva-
tion for the research in this article.

In Section 2.1 we define a general capture—recapture
model that encompasses the Rasch model and some models
proposed by Otis, Burnham, White, and Anderson (1978)
and Pollock (1976) as special cases. We discuss two-sample
and three-sample cases separately in Sections 2.2 and 2.3.
We show that at least three samples are needed to mea-
sure the possible dependence. We propose an estimator of
population size that allows for dependence among the lists
and heterogeneity across individuals for three samples and
also briefly discuss extension to four samples. In Section
3 we use data from a 1988 dress rehearsal study for the
1990 census conducted by the U.S. Bureau of the Census
to illustrate the proposed three-system estimation procedure
and to compare the resulting estimates with those given by
Darroch et al. (1993) and Zaslavsky and Wolfgang (1993).
In Section 4 we report simulation results to study the per-

Journal of the American Statistical Association, March 1998

formance of the proposed estimator and to compare it with
estimates based on log-linear models. We give concluding
remarks in Section 5.

2. MODELS AND ESTIMATORS
2.1  General Model

Assume that the true population size is /V and that there
are ¢ systems (samples, lists) including the census. Let the
individuals be indexed by 1.2,....] N and the samples in-
dexed by 1,2,....t. The ordering here is just for conve-
nience of mathematical treatment, and our resulting esti-
mator is invariant to the ordering of the lists. The data can
be conveniently expressed by a N x ¢ matrix X = (X;;),
where

X, = I[the ith individual is listed in the jth sample]

and I[A] is the usual indicator function. Individuals are as-
sumed to act independently. For a fixed sample j, each X
conditional on the records of other samples is a Bernoulli
random variable. The probability P (X,;; = 1) could be
treated by either fixed-effects or random-effects arguments.
In the following we focus mainly on the fixed-cffects ap-
proach. All of the derivations for random-effects arguments
are parallel, and the resulting estimators are exactly the
same. The parameters that must be identified in a fixed-
effects analysis are y; = N7! Z;N:l E(X;;) (the average
inclusion probability for the jth sample), as well as the de-
pendence measures between or among samples. Define the
coefficient of covariation (CCV) of samples j and % as
N

1 -
Nk = § > E{(Xy — )Xok — )} (). (1)
=1
The interpretation of the CCV is elaborated in later dis-
cussions. The magnitude of ;; measures the degree of the
dependence of samples j and k. In the independent case
all CCVs are 0. Similarly, define the CCV for samples

ki.ka,. ... km as

N
1 .
Vhikzokm = 37 > E{(Xix, — 1) (Xiky = k) -+
S i=1
(Xikn, = Mho )H (Rboy ey - k). (2)

This general setup includes most ecological models as
special cases. The most general model for animal popu-
lations discussed by Pollock (1976, 1991) is called model
M, where time variation, behavioral response, and het-
erogeneity affect the capture probabilities. For this model,
a commonly used form of the capture probability is

i—1
P ()(,J = 1|Hlj) - ,Li€jI<Z X'im = 0>

m=1

J—1
+ biej[<z Xim > 0) B (3)
m=1

where H,; denotes the capture records excluding sample
j for the <th individual. The foregoing capture probabil-
ity depends on individual’s previous capture histories; the
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probability is 7;e; for a first capture and b;e; for a recap-
ture. There exists a “behavioral” response to capture, which
causes list dependence. The probabilities also vary among
individuals; h; in (3) denotes the “heterogeneity” effect, and
e; represents the “sample” or “time” effect. For this model,
both types of dependences arise. We now discuss two spe-
cial cases to clarify the difference between the two types of
dependences.

2.1.1 Only Heterogeneity Between Individuals Ex-
ists. If there is no list dependence within an individ-
ual, then conditional on individual i, the capture histo-
ries {X;1. X2, ..., X} are independent. The probability
P (X;; = 1[H;;) on the left side of (3) does not depend on
the history #,;. Therefore, we can let P (X;; = 1[H;;) =
pij. Thus po; = 3. pi; /N, and the CCV of samples j and &
reduces to

Hence +;; reduces to the square of the usual coefli-
cient of variation (CV) defined for a single “sample”
{p1j. 025 p~;}t. Here the magnitude of ~;; measures
the degree of the dependence due purely to heterogeneity
in catchabilities. Note that v, = p;x(7;;7%k) /%, where pjx
is the “sample” correlation coefficient of the two “samples”
{p1i.p2i0- - - pwi} and {p1j.p2j. .. .. pn;}. The concept of
v;r was also used by Kadane, Meyer, and Tukey (1992).

-~

Vik

Z pij — 1) (Pir — m)}/(ujuk)

N

Z pisPin/ (k) — 1.

z|~

i

(4)

The CCV for samples k. ka.. .., k., now becomes
Yy ko. ko,
1 N
{TZ Piky — Mk, ) (Piky = pky) - (Pik,, — chm)}
i=1
- (/1’7{1#/\‘2 e kg, )

Note that if there exists a sample k; with homogeneous
catchability (call it sample k) then p;, = py for all ¢, and
any CCV of samples including sample & is 0.

This special class of models includes the following three
widely used models:

« The Rasch (1961) model:
P (X = 1) = exp(uw; + a})/[1 + exp(u] + a})],
which can be reparameterized as
(5)

where w; denotes the heterogeneity effect of the ith
individual and a; denotes the sample etfect of the jth
list. The values of w; and a; are defined only up to
a multiplicative constant. In a fixed-effects model all
w,;’s are treated as parameters, whereas in a random-
effects model (wn.ws,....wy) are a random sample
from a distribution. It is understood that in the latter

P (X =1)=wa;/(1 +wa;).

285

case, P (X;; = 1) is a conditional probability: that is,
P (AXij = HUJZ').

+ The generalized Rasch model (Darroch et al. 1993;
Stegelman 1983):

P (X =1)

j=1.2.... .k

= lL’iU,j//(l + wiaj).
*{ J=k+1... .t (6)

wia; /(1 +wia;),

That is, the patterns of heterogeneity effects are dif-
ferent in two separate groups of samples. This model
can evidently be extended to more than two types of
heterogeneity effects.
* Model M,;, (Pollock 1976; also Otis et al. 1978):
P (X, =1) = he,. (7)
which is a special case of (3). As in the two foregoing
models, there is no response to capture within each in-
dividual. The individual’s heterogeneity effect h; and
the sample effect ¢; are defined up to a multiplicative
constant. Using (4), we can show for all j and & that
Yik = [D_(h; — h)?/N]/h?, where h = > h;/N. Thus
the CCVs for all pairs of samples are identical and
are equal to the square of the CV of (hy, ha.. ... ha).
Similarly, we have i, = [2(hi — R)3/N]/R? for all
1,4, and k. The effects (h1,hq,...,hy) can also be
modeled as random effects so that they represent a
random sample from a certain distribution.

2.1.2 Only List Dependence Exists. If there is no
heterogeneity, then the conditional probability P (X;; =
1|H,;) defined in (3) is independent of i. This class of
model includes models for which the probability of pres-
ence in one sample depends on capture histories, but this
probability does not vary among individuals. For example,
in a two-sample capture-recapture model which allows for
time variation and behavioural response to capture, we have
for all ¢ that P (XiZ = HX“) = h,@g] (X“ = 0) + b(’,Q
I (X;; = 1), where h # b. The marginal probability
P (X;; = 1) = P; is the probability of being listed in
sample j, P (X,; = 1. X3 = 1) = Py, is the probability
of being listed in both lists j and k, and Pj,, is defined
similarly. Then we have

Pk P (Xy =1]X; =1)

= 1= 1@
ik P;Py P (Xy=1) )
and
ijm
ik = 5 e e — Yim — Yhkm — L.
ik Pjpkpm Vik — 75 k

Other analogous expressions can be derived for higher order
CCVs.
For notational simplicity, let

slsz 51—5

X =58.Xp =82,..... X = 51‘]
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be the number of individuals with “capture” history
s1,82.....5:, where s; = 0 denotes absence in sample j
and s; = 1 denotes presence in sample j. For example,
when t = 2, there are three observed cells Z1g, Zo1, and
Z11, where Z;q is the number of individuals listed in sam-
ple 1 but not in sample 2, Zy; is the number of individuals
listed in sample 2 only, and Z;; is the number of individu-
als listed in both samples. The unobserved cell Zy denotes
the uncounted. When ¢ = 3, there are seven observed cells,
ZlOO-, Z010. Zom, ZHQ, ZOll- ZlOla and an. A similar inter-
pretation pertains to these histories. When we add over a
sample, the subscript corresponding to that sample is re-
placed by a “+” sign; for example, Z 11 = Zo11 + Z111 and
Zyy1=Zoon+Zonn+Zin+Zin-Letn;, j=1,2,....tbe
the number of individuals listed in sample j. Thus n; = Z,.,
and Ng = Z+1 for t = 2 and n, = Zl++,712 = Z+1+, and
N3 = Z++1 for t = 3.

2.2 Two-Sample Case

As shown by Chao and Lee (1992), the concept of sample
coverage is closely related to population size estimation.
The basic idea relies on the fact that it is difficult to estimate
the number of uncounted directly, but the sample coverage
can be well estimated in any nonindependent situation. Thus
we attempt to estimate the number of uncounted by way of
estimating the sample coverage.

The common definition for the sample coverage of a
given sample is the probability-weighted fraction of the
population discovered in that sample. Now this concept
must be slightly modified in a census problem, because
there is more than one set of “population probabilities.”
For illustrative purposes, assume for the moment that
there is no list dependence but there is heterogeneity, and
P (X;; = 1) = py; is defined as in Section 2.1.1. For
a two-list case, there are two populations: population I
with capture probabilities {p11.p21.....pn1}, Which cor-
responds to list 1, and population II with probabilities
{p12,p22....,pN2}, Which corresponds to list 2. For given
records of list 1, define the sample coverage of list 1 with
respect to population I, Cj;(L.), as

« - D IXz >0
CII(L1>: le%:[ Al ])
i Pi2

where L denotes list 1. The quantity Cj;(L+) represents the
probability-weighted fraction of population II that appears
in list 1. Here the sample coverage of list 1 is defined with
respect to the associated population of the other list, so we
can obtain the overlap or jointly covered information, which
is essential to the estimation of undercount. Intuitively, the
greater the overlap, the fewer the uncounted.

If list dependence also exists, then the probabili-
ties for population II given list 1 must be changed to
{E(X;2|X;1):i = 1,2..... N}. Replacing p;2 in the fore-
going definition of Cj{(L;) by E(X;2/Xi1), we have the
following generalized definition:

_ Zi E[Xi2|Xi1]f[Xi1 > O]
N > E[Xi2] X1

Cri(Ly)
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We can define C1(L9) similarly. The sample coverage of the

two lists is taken as the average of these two quantities. We
have C = [Cr(L1) + Cy(L2)]/2; that is,

C

L[ E[Xp| X ]I Xy >0
2 { >, ElX 2| X o]

+

Zz‘, E[X1'1$Xi2]-[[x¥i2 > 0] }
Zz‘ E{X11|X12] ’

We could consider a weighted average of Cp(L;) and
C1{L;) in the definition of C, but simulation results have
shown the differences with respect to population estima-
tion are quite limited. Because an expectation of a ratio
is approximately equal to a ratio of expectations, we have
E(C)~ (EZ1/Enys+ EZy1/Eny)/2. Thus an estimator of
E(C) that is also valid in the nonindependent cases is

. 1 [ Z A 4
e L(n Zu)_y L(Zo  Zu) g
2 5 T2 2 ni no

In the special case in which neither type of dependence
exists, the sample coverage reduces to C = D/N, where
D= {>,1Xi2 >0+ >, I[X;1 > 0]}/2 = (n1 +n2)/2.
Therefore, an estimator of N in this case is Ny = D/C‘ =
(n1 4 n2)/(2C). Substituting C' = Zy1(1/n1 + 1/n)/2 into
it, Ny is simply the well-known estimator for two samples
No = n1na/Zy;. If any type of dependence occurs, then we
can easily verify the following identity:

(Eny)(Eny)

N = - EZ (10)

(1 +712).

As shown in (8), viz = P12/(P1P2) — 1 in the case of list
dependence only, and the identity (10) under this circum-
stance was noted by the International Society of Disease
Monitoring and Forecasting (1995, p. 1050). If only hetero-
geneity exists, then i3 = N1 5" pipin/(pp) — 1, and
(10) was previously derived by Seber (1982, p. 86), Sekar
and Deming (1949, p. 107), and Wolter (1986, p. 341). In
the latter case, if the probabilities of inclusion for one sam-
ple are constant, then ;2 = 0; the other sample could be
highly heterogeneous without inducing any correlation bias,
provided that the independence within individuals is valid.
When both types of dependences occur, 12 as defined in
(1) is a measure of confounded dependence effect.

In practical applications, we need to estimate ~y;2 to re-
move the correlation bias. However, there is an unidentifia-
bility problem in a dual-system approach, because there are
four parameters, f1. i2. IV, and ;2 but only three observed
cells in the data. That is, the information is not sufficient
for estimating ~» for a dual-system approach unless 7o
is set to some value. The usual estimator for two samples
is obtained by setting 12 = 0, which is the independence
assumption—yet in many practical situations the value of
~12 can be much different from 0, and any assumption about
~13 is untestable. Thus the independence assumption has be-
come the main weak point in the use of the usual estimator
for two samples.
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It follows from the definition of ~;5 or (10) that v =
NE(Zy,)/|E(n1)E(ng2)] — 1. Therefore, if an initial esti-
mate N of N is available based on some external infor-
mation, then the estimate 4,5 = NZ1;/(n1n2) — 1 measures
the overall dependence. Although the interpretations for ;o
are different for various situations, they are estimated by
the same quantity. Thus a large value of the CCV estimate
could be due to list dependence and/or to heterogeneity
across individuals. However, any external information can-
not help in obtaining a bias-corrected estimator of N based
on (10), because substitution of NZ;, /(ning) — 1 for 412
will result in N itself, the bias-corrected estimate.

2.3 Three-Sample Case

We now extend the concept of the sample coverage
to a three-list case. Given the combined records of the
first two lists, L, U Lo, the sample coverage of the two
lists with respect to population III having probabilities
{E(Xi3] X1, Xi2);1 = 1,2,...,N} associated with list 3
can be analogously defined as

_ Zl E[XIJ)X“XQ]I[XA + ‘¥i2 > O]

Cntba ) = S B Xl X Xl

(11)

We can also consider the other two possible combina-
tions of two samples and obtain the sample coverage as
C = {Cur(Ly U Ly) + Cri(Ly U Lz) + Ci(Lo U L3)}/3.
If neither type of dependence exists, then C = D/N,
where

1
D=z {Z I[Xia + Xi3 > 0] + zi:I[X“ + X3 > 0]

+ ZI[XU + X2 > 0]} . (12)

which is the average of the number of individuals listed in
the combination of two lists omitting the third. From the
definition of C, we can derive as in a two-sample case that

o LY P X =1Xp = X3 =0]
ROy~ 1 3 { 2o E(Xa)
+ 2P [Xie=1,Xy = Xi3=0]
> E(Xi2)
Y P Xis=1X1 =Xz = 0]} .
i 2 E(Xis) - (13)

An estimator of the sample coverage is

A 1 /72 Z Z
C’:lﬂ—( 100 , 2010 001>’
3 (3 No T3

(14)

which is an obvious extension of (9). Thus when all three
samples are independent, a natural estimator is

Ny =D/C. (15)
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If any type of dependence arises, then it follows from (13)
and the expectation of D that

E(D) N

T 3EC)

N = 5T

X [(p1 4 p2) (1 — pa)vie + (p1 + p3)(1 — p2)mnis
+ (p2 + u3)(1 — p1)yes

— (pipe + pips + pops)yi2s). (16)

This identity expresses the population size as a function
of expected sample coverage, average probabilities, and de-
pendence measures. When there is no list dependence and
heterogeneity exists only in one sample, it is interesting to
note that the usual estimator assuming independence is still
valid, because all CCVs are 0. Hence the correlation bias
arises only when at least two samples are heterogeneous in
capture probabilities.
Rewrite (16) as

E(D) 1

~ E(C) T 3E(C)

r

X [E(Z1+0 + Z410)112 + E(Z10+ + Zyo1)mas

R
+ E(Zoi+ + Zoy1)ves) + s

3E(C) (7

where
R/N = pipalyi2(ms + va3) — 7123)
+ p1psyiz(i2 + v23) — Y103

+ pops[ves(i2 + Y13) — Yios)- (18)

There are several situations under which the remainder term
R vanishes:

« If neither list dependence nor heterogeneity exists, then
712 = 713 = Y23 = Y123 = 0 and thus R = 0.

« If there is no list dependence but heterogeneity only
exists in one sample, then all CCVs are 0, as mentioned
earlier. Therefore, we have R = 0.

« There is no heterogeneity and list dependence only oc-
curs in two samples, for example, in lists 1 and 2. Then
Y13 = Y23 = Y123 = 0, which implies R=0.

» In a heterogeneous random-effects model Ay,
[see (7)], where P (X;; = 1lhy) = he; and
(h1,ha,....hy) are a random sample from a gamma
distribution with density 3 exp(—3h)h®~1/I'(a), the-
oretically it can be proved that vi2 = 13 = Y23 = 1/
and 7vij23 = 2/a?, which implies R = 0. Because
the gamma distribution can cover a wide range of
types of heterogeneity, as shown by Fisher, Corbet,
and Williams (1943), this is our main motivation for
ignoring R.

Some relevant discussion in Section 4 regarding the nu-
merical values of R/N under the Rasch models and other
situations further justifies using (17) without considering
the remainder term R. Thus our basic assumption R = 0 is
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equivalent to setting the right side of (18) to be 0, which im-
plies that ~;23 is a function of u1, g2, 13, y12. Y13, and ~a3.
Hence it avoids the estimation of ~;23, and there is no prob-
lem in identification because there are seven cell counts cor-
responding to seven free parameters p1, 2, (43, Y12, V13, Y23+
and N. Replacing all of the expected values by the observed
values in (17) and ignoring the remainder term, we can ex-
press N as a function of the sample coverage estimate and
the CCVs between two samples:

JVz_A“l“—‘T

Zivo + Z 12+ (Zroy + 2
¢ 30 [( 140 +10)’>12 ( 10+ +01)713

+ (Zor+ + Zoy1)723]-

Note that v12 = NE(Z114)/[E(n1)E(n2)] — 1, and sim-
ilar expressions for ;3 and <»3. Substituting v2 =
NZi14/(ning) — 1,713, and 723 with the same forms into
(19) results in an estimating equation of N. The solution of
that estimating equation is our proposed estimator, which
turns out to be

(19)

- Zini+ Zyp+ 21y

3C
» {1 1 [(Z1+D + Z110) 211+
3C nin2
L (Zrot+ + Z401)Z141
ning
Zos1 + Zor4) 2 -t
+ (Zo41 014) +11]} . (20)
PR

We remark that simulation experiences have suggested that

if the sample coverage is high enough (say, over 55%),

which is generally valid for census applications, then N

performs well. However, when the sample coverage is low,

N behaves unstably (see Chao, Tsay, Shau, and Chao 1996).
As N tends to infinity, we can show that

R/N

ATEN 1)

Npe o oq1_
v Da=

where £ denotes convergence in probability, R/N is given
in (18), and

A= pipa(yie + 1) + paps(ms + 1) + popa(yes + 1).

Here R is exactly the remainder term given in (17). The
smaller the magnitude of the remainder term, the smaller
the absolute bias of the proposed estimator. In the cases of
R = 0 as discussed earlier, N/N converges to 1 in proba-
bility as NV tends to infinity.

A variance estimator of the proposed estimators N can
be constructed using a nonparametric bootstrap proce-
dure. The “capture” histories, as shown by Darroch et
al. (1993), are approximately distributed as a multino-
mial distribution in many situations. A bootstrap repli-
cation {Zgo0. Z700: - - - » Z111} for capture histories is gen-
erated from the multinomial distribution with parameter
N and cell probabilities {Zooo/N, Z100/N. ..., Z111/N},
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where Zoogg = N — Y. Zijelli + 7 +k > 0] is the es-
timated unidentified. For each bootstrap replication, the
bootstrap estimate N* and the bootstrap missing count
N* = > Z5 Il + j +k > 0] are obtained based on
the seven observable cells {Z7y0. . ... Z7;,}. After B repli-
cations, the bootstrap standard error of N is simply the
sample standard error of those B bootstrap population esti-
mates. The performance of the bootstrap variance estimates
is investigated in Section 4.

The method developed for three samples conceptually
can be extended to four samples using parallel arguments.
Define the sample coverage as

14
C-i

N

> B

i=1

1lle] ] #l

Z X;; >0

J#L

N
+ Y E[XulXy.5 #1)
i=1

and let

N

I

=1

4
> Xy >0

J#l

=

-1

=1

A more general approximation formula similar to (19) can

be derived. Parallel arguments result in an analogous esti-

mator for four samples. However, further efforts are needed

to investigate the performance of this estimation procedure
for four samples.

3. EXAMPLE

We use the data discussed by Darroch et al. (1993) and
Zaslavsky and Wolfgang (1993) to illustrate our method.
The data consists of a population subgroup from the 1988
dress rehearsal census in St. Louis and its PES. The addi-
tional sample was compiled from precensus administrative
records of state and federal government agencies (see Za-
slavsky and Wolfgang 1993 for details of the data). The data
are reproduced in Table 1. There are two sampling strata
(stratum 11 and strata 11, 12, and 13; stratum 11 is involved
in both cases) and three lists: the £ list, the dress rehearsal
census; the P list, the PES; and A list, the administrative
records. For each sampling stratum, there are four poststrata
defined by housing tenure type and age: O2 (owners, 20-29
years), R2 (renters, 20-29 years), O3 (owners, 30-44 years),
and R3 (renters, 30—44 years). The total counted, the sam-
ple coverage estimate C [see (14)], and D [given in (12)]
are also tabulated for each poststratum. In these sets, the
sample coverage estimates are between 71.7% and 81.1%,
the estimated average probabilities (unreported) are in the
range .2—.6, and all of the estimated two-sample CCVs are
positive, with most less than .5.

Darroch (1981) and Fienberg (1981) discovered that the
Rasch model was equivalent to (except for some moment
restrictions) a quasi-symmetric log-linear model in a con-
tingency table. Moreover, Darroch et al. (1993) built the
equivalence for the generalized Rasch model and the par-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chao and Tsay: Sample Coverage in Census Undercount

Table 1. Three-List Data From the 1988 Dress Rehearsal Census
(Zaslavsky and Wolfgang 1993)

Lists Stratum 11 Strata 11, 12, 13
E P A o2 R2 03 R3 02 R2 03 R3
6 0 1 59 43 35 43 59 43 35 43
01 0 8 34 10 24 65 70 69 53
0o 1 1 19 11 10 13 19 11 10 13
1 0 0 31 41 62 32 75 73 77 71
10 1 19 12 13 7 19 12 13 7
11 0 13 69 36 69 217 144 262 155
1 1 1 79 58 91 72 79 58 91 72
Column

total 228 268 257 260 533 411 557 414
D 195 229 221 227 467 349 500 358
C (%) 793 744 797 790 767 717 811 756

tial quasi-symmetric model. Based on these equivalence re-
lations, they analyzed these data using log-linear models.
The data for each poststratum were regarded as a form of
an incomplete 2° contingency table for which the cell cor-
responding to those individuals uncounted by all three lists
was missing. Then various log-linear models were fitted to
the observed cells, and the chosen model was projected onto
the unobserved cell by assuming that there was no three-
factor interaction. In other words, the exponential of the
three-factor interaction, p, where

_ EZ 11 EZwEZowE Zoo
EZooEZo1 EZ101 EZy 10"

(22)

is assumed to be 1. This yields an extrapolation formula
for the mlssmg cell that 19 ZOOO = 2111210020102001/
(ZOMZlmZUO) where Zuk s are the fitted values of the
chosen model. All of the estimates and their associated stan-
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dard errors based on various log-linear models are presented
in Table 2 (see Darroch et al. 1993 for details). The esti-
mates obtained from fitting independent models are consid-
erably lower than other estimates. Except for the O2 and
O3 poststrata in stratum 11, the estimates obtained by fitting
partial quasi-symmetric and saturated models are compara-
ble, and both have very large variation. Darroch et al. (1993)
generally suggested using a partial quasi-symmetric model
based on the goodness-of-fit test for the observed cells.

Table 2 also lists three estimates given by Zaslavsky and
Wolfgang (1993). The DSE denoted by (E'U P) x P treats
the combined census and PES as the first sample and the A4
list as the second sample; the DSE denoted by (FAP) x P
is obtained similarly, but persons in both the census and the
P list are excluded in the first combined list; the estimate
app = agp|4 1s obtained by assuming that the marginal
odds ratio between the E and P lists is the same as the
conditional odds ratio given in the A list. The standard error
estimates were obtained using a jackknife method based on
blocks (see Zaslavsky 1994).

Our proposed estimates (20) for the uncounted are also
given in Table 2. The estimated standard errors were calcu-
lated using a bootstrap method based on 200 replications.
Our estimates are much lower than results based on the
partial quasi-symmetric model and are generally between
the DSE (E U P) x P and the DSE (EAP) x P given by
Zaslavsky and Wolfgang (1993). The relative merits of the
log-linear model approach and the sample coverage tech-
nique are discussed in the next section.

4. SIMULATION STUDY

We carried out a simulation for several populations with

Table 2. Various Estimates and Standard Errors for the Uncounted (Standard Errors in Parentheses)

Estimator 024 R2 o3 R3
Stratum 11
Log-linear model
Independent modei 14(3) 28(5) 14(3) 18(3)
Saturated model 246(150) 382(203) 422(253) 379(222)
Quasi-symmetric model 553(294) 126(55) 508(254) 102(46)
Partial quasi-symmetric model 378(212) 384(204) 867(472) 352(200)
Zaslavsky and Wolfgang*
DSE(EUP) x A 26(10) 76(27) 33(10) 58(29)
DSE (EAP) x A 61(26) 140(53) 110(55) 120(83)
GEP = Ogp|A 130(64) 312(171) 254(202) 305(432)
Proposed (20) 51(12) 114(24) 59(14) 80(17)
Strata 11, 12, 13
Log-linear model
Independent model 45(6) 48(7) 28(4) 35(5)
Saturated model 290(119) 670(335) 497(247) 826(450)
Quasi-symmetric model 47(14) 102(36) 42(13) 82(29)
Partial quasi-symmetric model 292(119) 670(334) 490(242) 768(403)
Zaslavsky and Wolfgang™
DSE(EUP)x A 180(60) 152(52) 125(31) 130(58)
DSE (EAP) x A 217(69) 267(95) 222(94) 267(170)
Qgp = Cep 4 285(122) 601(319) 458(368) 729(1039)
Proposed (20) 199(36) 223(43) 154(31) 183(36)

™ Standard errors are obtained using a jackknife method based on blocks.
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varying degrees of dependence. The focus was on compar-
ing our proposed estimator (20) with the log-linear model
approach. We fixed N = 200.# = 3 and considered the
following three types of sample effects:

* type A: (0y.as.a3) = (1.1.1).
. type B: (al.ag.ag) = (151 5)
» type C: (ay.a9.a3) = (3.2.1).

Four categories (a total of 13 cases) of heterogeneity pat-
terns given herein are reported. Cases 1-9 consider the
Rasch model and its generalization; dependence is due
purely to heterogeneity. In Cases 10-13, two types of de-
pendences arise, but no sample effects are assumed. The
parameters of the following heterogeneity patterns were
chosen so that the sample coverages and average catcha-
bilities would be comparable to those of the real datasets
discussed in Section 3. Other trials with lower sample cov-
erages have been discussed by Chao et al. (1996). We report
the following cases herein:

Random-Effects Rasch model.  p;; = wa; /(1 + wiaj),
where (w1, ws. . ... wage) for each simulation trial are a ran-
dom sample from a certain distribution:

+ Case 1: log w ~ N(O, 1)

» Case 2. w ~ exponential distribution with density
exp(—r).x >0

+ Case 3: w ~ gamma distribution with density xe™* for

r>0
Fixed-Effects Rasch model.  p;; = wia;/(1 + w;a;)
where wq.. ... wopg are constants:

« Case 4: w; = 2 for i = 1-100, and w; = 1/2 for i =
101-200

» Case 5: w; = 7 for i = 1-50, and w; = 2/5 for i = 51—
200

+ Case 6: there are four groups of 50 individuals each:
w; = 7 for i = 1-50.w; = 1/2 for i = 51-100,w; =

1/2.5 for i = 101-150, and w; = 1/3 for i = 151-200

Generalized (Fixed-Effects) Rasch model. pij =
wia;/(1+w;ay) for j = 1.2 and p;; = wia;/(1+w]a;) for
j=3

» Case 7: values of w;’s are the same as in Case 4; w} = 3
for i = 1-100 and w? = 1/3 for i = 101-200.

+ Case 8: values of w;’s are the same as in Case 5; wj = 2
for i = 1-50 and w} = 1/2 for ¢ = 51-200.

« Case 9: values w;’s are the same as in Case 6; there are
four groups for w}: wr = 1.5 for ¢ = 1-50, w; = 1 for
i = 51-100. w7 = 1/1.5 for i = 101-150, and w; = 1/2
for i = 151-200.

Populations with two types of dependences.

« Case 10: P (X;; =1)=.8fori=1-50 and P (X;; =
1) = 4 for i = 51-200: P (XLQ =1 )(,‘]) =P (Xil =
1)] {Xz’l = U]+O P (le = l)[ [X‘il = 1}@ =1.2; and
P(Xi3=1)=P (X;=1).

» Case 11: same as in Case 10 except that ¢ = .8,

« Case 12: P (X;; =1)=.7fori=1-100and P (X;; =
1) = .3 for i = 101-200: P (X,’Q = LX“) =P (Xil
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1)[ [Xz'l = 0} +¢ P (AX,{ = 1)[ *th = 1}0 = 1.2; and
P (Xig = 1 )(ﬂ) = P (‘Yig = 1'XL])
» Case 13: same as in Case 12 except that ¢ = .8.

In Cases 10 and 11, besides the heterogeneity among indi-
viduals, list dependence also occurs for samples 1 and 2; in
Cases 12 and 13, there is additional list dependence for sam-
ples 1 and 3. For each type of sample effect (A, B, C) and the
first nine cases of the heterogeneity patterns, we tabulate in
Table 3 the theoretical values (u;. 2. f13. v12. 713. V23 V123 )
the remainder term R/N [see (18)], the value of « [limiting
value of N/N; see (21)], the value of p [see (22)]. and the
expected sample coverage estimate £ (C'). The same quanti-
ties are also given for Cases 10-13, but there are no sample
effects. The parameters of the simulation cases were chosen
so that the CCV for any pair of samples is generally pos-
itive to mimic the dependence structure of dress rehearsal
data. Except for the exponential case (Case 2), all the val-
ues of R/N are relatively small, which numerically justifies
using (17) without considering the remainder term. Conse-
quently, it follows from (21) that the asymptotic values of
N/N (value of a) are close to 1 except for Case 2. An ex-
planation for the different behavior of Case 2 is given near
the end of this section.

For each fixed type of sample effect and heterogeneity
pattern, 200 datasets were generated. Then for each gener-
ated dataset, the proposed sample coverage estimator N and
the bootstrap standard error estimate (based on 200 repli-
cations) were calculated. Finally, these 200 estimates and
standard errors were averaged, and the sample standard er-
ror and the sample root mean squared error (RMSE) were
obtained. The computer program was written in C language
and carried out on an IBM RISC 6000 work station. The
log-linear model fitting and estimates were obtained using
S-plus software. The standard errors associated with each
estimate for various log-linear models were provided in S-
plus using a delta method. Because the three partial quasi-
symmetric models yield very close estimates, only one such
estimate is given for each case. Table 4 shows the results
for type B sample effects. The conclusions for the other
two types of sampling effects are generally consistent and
so are not reported. For each case, the average value of the
number of individuals listed in at least one sample (A7) is
also tabulated.

The following summarization is based on broader nu-
merical studies, including the cases described in this sec-
tion and results of Chao et al. (1996) as well as in pre-
vious simulations. First, notice that the estimates under
the independent models have severe negative bias when all
two-sample CCVs are positive. This result is well known
in animal abundance estimation (Carothers 1973; Gilbert
1973) and in the context of census undercount estimation
(Kadane et al. 1992). Under the Rasch model (Cases 1-6)
and Cases 10-13, estimates based on nonindependent mod-
els (i.e., quasi-symmetric, partial quasi-symmetric, and sat-
urated) are generally very close, except for those cases with
very large variation (Cases 5 and 6). Under the generalized
Rasch model (Cases 7-9), the estimates under both partial
quasi-symmetric and saturated models are comparable.
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Table 3. Relevant Parameters for Various Cases
Case uy pz pz Yiz Y13 Y23 Y123 a R/N o E©)
(ar, az a3)=(1,1,1)
1 .50 .50 .50 174 174 174 .000 951 .045 1.000 793
2 40 40 40 295 295 295 —.003 .880 .086 734 .739
3 .60 60 60 084 .084 .084 —.017 972 .033 .869 .854
4 .50 .50 50 A11 A1 A1 .000 978 .018 1.000 778
5 43 43 43 347 347 347 236 996 003 3.126 .740
6 44 44 44 343 343 343 222 .991 .007 2979 .743
7 50 50 50 111 167 167 .000 .964 .032  1.000 .787
8 44 44 42 347 204 204 138 1013 -.009 1.850 725
9 44 44 46 .343 113 113 .063 1.003 -.002 1.353 733
(ay, az, az) = (1.5, 1, .5)
1 .58 50 .36 145 .184 224 .005 951 041 997 .783
2 48 40 28 261 305 349 .005 .880 .078 .730 727
3 68 B0 45 070 091 108 —.016 973 .031 .867 .842
4 b9 50 .35 .0 117 143 .000 977 .018 .980 .765
5 51 .43 32 269 379 488 .258 .990 .008 3.057 737
6 .51 44 32 .267 373 480 .243 .985 .01 2.918 734
7 59 50 37 .091 .168 205 .000 .963 .031 942 779
8 51 43 28 269 216 .278 147 1.014 -.008 1.851 713
9 51 44 30 267 118 .150 .066 1.004 -.002 1.353 715
(a;, az,a3) = (3.2 1)

1 71 64 50 076 .101 126 —.013 971 037  1.019 .871
2 62 54 40 169 208 .236 -—.038 .910 .094 721 .829
3 80 73 60 .035 .048 .060 -—.012 .984 .025 .849 919
4 73 65 50 .041 059 .077 .000 994 008 1.128 .869
5 65 57 43 102 161 220 070 1.019 -.019 2750 .809
6 .65 57 44 103 161 219 .064 1.014 -.015 2.648 .804
7 .73 .65 .50 .041 .088 115 .000 .989 014 1.170 .809
8 65 57 42 102 095 .129 .04t 1.016 -.015 1.774 .807
9 65 57 46 103 .055 .074 .018 1.005 —-.005 1.339 .816
10 50 56 50 203 120 .134 .057 1.009 —.009 1.845 .790
11 50 44 .50 .009 120 103 .037 1.026 -.019 1.312 .744
12 50 56 56 .247 247 193 .024 .939 .070 1.599 .828
13 50 .44 44 050 050 144 —.031 .963 .027 .804 .739

NOTE: a is the asymptotic value of NIN, see (21); RN is the remainder term, see (18); and p is the exponential of the three-factor

interaction, see (22).

As expected, the standard error associated with an es-
timate based on a less-restrictive model is larger than the
standard error associated with an estimate derived from a
restrictive model. For example, the standard error generally
increases when the data are fitted in the sequential order of
independent, quasi-symmetric, partial quasi-symmetric, and
saturated models. Another anticipated phenomenon is that
if the sample effects are doubled, (i.e., the sample effect is
changed from type B to type C), then the sample coverage
increases and all estimators are improved in both standard
error and RMSE.

It is clear that the behavior of the log-linear model es-
timates depends on the value of p; see (22). In Cases 1,
3,4,7,9, 11, and 13, where the values of p are near 1,
the estimates for nonindependent log-linear models gener-
ally work well with respect to bias. In other cases where
the values of p are somewhat higher than 1, the estimates
derived from dependent models severely overestimate and
also have very large variation. For example, the p values in
Cases 5 and 6 are about 3, and the sample standard errors
become extremely large. This seems to be a main weakness
in the log-linear model approach. This may also be due to
the nonrobustness of the extrapolation formula based on
(22) and to the departure from the assumption p = 1.

For any nonindependent log-linear estimator, our pro-
posed estimator has better precision for any value of p and
smaller bias when p is large. This implies that the proposed
estimator (20) is generally preferable to any of log-linear
estimates in terms of RMSE. It is important to note that
we do need a sufficient amount of data to obtain stable es-
timates. As mentioned in Section 2, numerical results have
suggested that the proposed estimator performs satisfacto-
rily if the sample coverage is over 55%, which is generally
valid in census applications. In other applications such as
epidemiological studies, the sample coverage may be lower
than 55%; an alternative estimator using this approach has
been proposed by Chao et al. (1996).

The simulated average values of N /N in Table 4 are very
close to the theoretical asymptotic « values given in Table
3. In addition to the sample coverage, the performance of
the proposed estimator depends also on the remainder term
R/N, which we have ignored in the derivation of (17). The
numerical results have shown that if R/N > (<) 0, then
the proposed estimator N has a negative (positive) bias,
and the larger the magnitude of the remainder term, the
larger the magnitude of the bias. These results can be ver-
ified theoretically from (21). For each type of sample ef-
fect, the largest magnitude of R/N appears in the exponen-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



292 Journal of the American Statistical Association, March 1998

Table 4. Comparison of Various Estimators of Population Size, 200 Trials

Case Estimator Estimate Sample SE Estimated SE Sample RMSE
1: M= 161 Independent 176 71 53 255
Quasi-symmetric 204 28.3 30.2 28.5
Partial quasi-symmetric 204 30.4 33.8 305
Saturated 205 32.1 36.1 324
Proposed (20) 189 13.2 12.5 17.0
2: M =139 independent 159 8.1 6.7 423
Quasi-symmetric 186 29.4 35.2 323
Partial quasi-symmetric 187 32.1 39.2 3486
Saturated 188 34.7 42.4 36.6
Proposed (20) 176 20.8 24.3 31.2
3:M=178 Independent 188 4.9 4.0 125
Quasi-symmetric 202 16.2 16.6 16.3
Partial quasi-symmetric 203 18.5 18.1 18.6
Saturated 203 19.7 20.2 19.9
Proposed (20) 194 9.0 8.1 10.4
4: M= 165 Independent 184 8.0 6.2 17.8
Quasi-symmetric 203 22.4 25.1 225
Partial quasi-symmetric 204 25.4 28.8 256
Saturated 205 275 30.9 279
Proposed (20) 195 14.4 14.7 15.0
5: M= 144 Independent 160 7.8 57 40.8
Quasi-symmetric 372 167.0 186.0 2393
Partial quasi-symmetric 370 187.5 213.0 252.8
Saturated 383 209.1 241.4 2775
Proposed (20) 197 18.9 21.8 19.0
6: M =145 Independent 161 7.7 5.7 40.1
Quasi-symmetric 342 140.9 158.3 200.1
Partial quasi-symmetric 350 167.9 193.4 2249
Saturated 375 214.6 253.6 276.4
Proposed (20) 196 19.7 211 20.1
7: M= 164 Independent 181 6.6 5.7 20.4
Quasi-symmetric 211 25.6 30.8 27.7
Partial quasi-symmetric 204 27.4 30.4 277
Saturated 206 34.7 36.1 35.2
Proposed (20) 194 129 135 13.8
8: M= 146 independent 167 8.6 6.9 34.1
Quasi-symmetric 228 63.8 60.5 60.9
Partial quasi-symmetric 276 95.0 116.1 121.4
Saturated 285 106.6 133.1 135.8
Proposed (20) 204 24.2 26.6 245
9 M= 150 Independent 174 8.4 7.3 278
Quasi-symmetric 204 35.3 38.4 355
Partial quasi-symmetric 233 72.4 76.0 78.5
Saturated 241 92.7 98.2 101.0
Proposed (20) 202 223 24.2 225
10: M = 167 Independent 181 6.6 4.9 20.5
Quasi-symmetric 232 39.4 44.4 50.8
Partial quasi-symmetric 236 443 49.1 57.1
Saturated 239 46.5 52.8 60.9
Proposed (20) 203 11.3 1.7 11.6
11: M = 167 Independent 190 7.6 6.8 13.4
Quasi-symmetric 212 251 29.0 276
Partial quasi-symmetric 214 28.9 325 323
Saturated 216 29.5 335 33.3
Proposed (20) 205 15.8 16.3 16.4
12: M = 163 independent 172 6.2 3.7 28.8
Quasi-symmetric 233 471 51.9 57.7
Partial quasi-symmetric 233 47.0 52.4 57.5
Saturated 232 46.3 52.1 55.9
Proposed (20) 188 9.7 9.9 15.0
13: M = 163 Independent 188 8.1 7.4 148
Quasi-symmetric 198 21.2 23.0 213
Partial quasi-symmetric 197 20.9 23.0 211
Saturated 196 20.2 225 205
Proposed (20) 192 15.4 15.8 173

NOTE: True population size = 200; (a1, a2, a3) = (1.5, 1. .5). M = average of the number of individuals counted in the sample.
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tial random-effects model (Case 2). Notice that if values
of CCVs for two-sample and three-sample CCV are con-
sistently positive, then the remainder term R would tend
to be small; see (18) for the expression of R as a func-
tion of CCVs. For exponential cases, any pair of samples
is strongly positively correlated, whereas the dependence
measure for three samples becomes less evident or even
negative. This inconsistent dependence structure might help
explain the different behavior of the exponential case.

The standard error estimates for the proposed estimator
calculated by the bootstrap procedure (column 5 in Table
4 under the heading “estimated SE™) are generally satisfac-
tory when compared with the sample standard errors (col-
umn 4 under the heading “sample SE”). We remark that
for log-linear model estimates, the standard error estimates
using the delta method consistently underestimate for the
independent model but overestimate for other models.

5. CONCLUDING REMARKS

In conclusion, the numerical comparisons have shown
that for three samples with dependence, the log-linear
model estimates perform well concerning bias when the
three-factor interaction is not much different from 0. How-
ever, estimates based on quasi-symmetric, partial quasi-
symmetric, and saturated models seem to have great vari-
ation. Our proposed estimator, which incorporates the bias
due to dependence, is more precise for any value of the
three-factor interaction and also less biased for relatively
large values of the three-factor interaction. Thus our pro-
posed estimator is generally preferable in terms of RMSE.

The proposed estimation technique can easily be adapted
for use in epidemiological studies. (See Chao et al. 1996 for
applications to estimate the number of infected for some
diseases by merging several incomplete lists of names.)
Theoretical and analytic comparisons of the proposed sam-
ple coverage and log-linear approaches are still under in-
vestigation.

[Received August 1995. Revised July 1997.]
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