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SUMMARY

Capture-recapture methodology, originally developed for estimating demographic parameters of ani-
mal populations, has been applied to human populations. This tutorial reviews various closed capture-
recapture models which are applicable to ascertainment data for estimating the size of a target population
based on several incomplete lists of individuals. Most epidemiological approaches merging different lists
and eliminating duplicate cases are likely to be biased downwards. That is, the final merged list misses
those who are in the population but were not ascertained in any of the lists. If there are no matching
errors, then the duplicate information collected from a capture-recapture experiment can be used to esti-
mate the number of missed under proper assumptions. Three approaches and their associated estimation
procedures are introduced: ecological models; log-linear models, and the sample coverage approach.
Each approach has its unique way of incorporating two types of source dependencies: local (list) de-
pendence and dependence due to heterogeneity. An interactive program, CARE (for capture-recapture)
developed by the authors is demonstrated using four real data sets. One set of data deals with infection
by the acute hepatitis A virus in an outbreak in Taiwan; the other three sets are ascertainment data on
diabetes, spina bifida and infants’ congenital anomaly discussed in the literature. These data sets provide
examples to show the usefulness of the capture-recapture method in correcting for under-ascertainment.
The limitations of the methodology and some cautionary remarks are also discussed. Copyright © 2001
John Wiley & Sons, Ltd.

1. INTRODUCTION

The purpose of many epidemiological surveillance studies is to estimate the size of a popula-
tion by merging several incomplete lists of names in the target population. Some examples
are as follows:

1. An outbreak of the hepatitis A virus (HAV) occurred in and around a college in
northern Taiwan from April to July 1995 [1]. Cases of students in that college were
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ascertained by three sources: (i) P-list, records based on a serum test taken by the
Institute of Preventive Medicine, Department of Health of Taiwan — there were 135
identified cases; (ii) Q-list, local hospital records reported by the National Quarantine
Service — 122 cases were found; (iii) E-list, records collected by epidemiologists —
there were 126 cases. Merging the three lists by eliminating duplicate records resulted
in 271 ascertained cases. This data set has the advantage of a known true number of
infected because a screen serological check for all students was conducted after the
three surveys. In Section 5, we use this data set to show the need of correction for
undercount.

2. Hook et al. [2] and Regal and Hook [3] presented a data set on spina bifida collected
in New York State from 1969—1974. Three lists were collected from birth certificates,
death certificates and medical rehabilitation files. There were 513, 207 and 188, cases,
respectively, on the three lists and in total 626 ascertained cases. A method of esti-
mating the number of missed cases was discussed by the above authors to assess the
completeness of the survey and to accurately estimate the prevalence rate.

3. Bruno et al. [4] collected a data set on diabetes in a community in Italy based on
the following four records: diabetic clinic and/or family physician visits (1754 cases);
hospital discharges (452 cases); prescriptions (1135 cases), and purchases of regent
strips and insulin syringes (173 cases). A total of 2069 cases were identified. Despite
the active identification, Bruno et al. concluded that there were still some people who
could not be identified. The purpose was then to estimate the number of missing diabetes
patients and to adjust for undercount.

4. Wittes et al. [5] and Fienberg [6] analysed a multiple lists data in an attempt to estimate
the number of infants born with a specific congenital anomaly in Massachusetts during
a fixed time interval. Five distinct types of sources were considered: obstetric records
(183 cases); other hospital records (215 cases); list maintained by state Department of
Public Health (36 cases); list maintained by state Department of Mental Health (263
cases), and records by special schools (252 cases). The total number of cases identified
was 537. Previous studies [5—7] have shown that inferences regarding the number of
missing cases can be made under proper assumptions.

These four data sets will be discussed in Section 5 as illustrations. As indicated by the
International Working Group of Disease Monitoring and Forecasting (IWGDMF) [8, 9], sim-
ilar examples arise in various disease categories such as cancer, drug use, infectious diseases,
injuries and others.

The adjustment of undercount has an analogue in the biological sciences: estimating the
number of unseen animals in a closed population. Here a closed population means that there is
no birth, death or migration so that the population size is a constant during the study period.
The estimation of population size is a classical problem and has been extensively discussed in
the literature. Although doing complete census counts for some clustered animal populations,
especially in colonies, is not impossible, biologists have long realized that complete enumer-
ation is nearly an unattainable ideal for most mobile populations and that proper adjustment
for undercount is needed.

Since most animals cannot be drawn like balls in an urn or numbers on a list, tradi-
tional random sampling techniques are not easily applicable to biological surveys. To tackle
the above undercount problem, special types of sampling schemes have been developed.
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Capture-recapture sampling has been widely used to adjust for undercount in the biologi-
cal sciences [10—13]. It would be unnecessary and almost impossible to count every animal
in a closed population in order to obtain an accurate estimate of population size. The recapture
information (that is, source-overlap information or source intersection) collected by marking
or tagging can be used to estimate the number of missing under proper assumptions.

In contrast, epidemiologists have attempted to enumerate all relevant cases to obtain the
prevalence rates for various diseases. Some studies based on health records did ascertain
almost all patients [14]. However, as Hook and Regal [15] indicated, most prevalence sur-
veys merging several records of lists are likely to miss some cases and thus be biased to
underestimates. There is relatively little literature in the health sciences on the assessment
of the completeness of these types of surveys or on the adjustment for under-ascertainment.
Therefore, as commented by LaPorte et al. [16], people know more about the number of
animals than the count of diseases. In this tutorial, we focus on the applications of the closed
capture-recapture methods to such epidemiological studies. In the same way that ecologists
and biologists count animals, we introduce in this paper the use of capture-recapture models
to count human populations.

In Section 2, the capture-recapture technique and its adaptation for use in human popula-
tions are reviewed. In Section 3, the general data structure and the concept of two types of
dependencies are formulated. Section 4 introduces three closed capture-recapture models which
are applicable to ascertainment data in epidemiology. A program developed by the authors is
demonstrated to estimate population size in Section 5 using the four data sets described in the
beginning of this section. Some remarks about the limitations of capture-recapture methods
are discussed in Section 6.

2. CAPTURE-RECAPTURE

2.1. Animal populations

In an animal capture-recapture experiment, traps or nets are placed in the study area and the
population is sampled several times. At the first trapping sample a number of animals are
captured; the animals are uniquely tagged or marked and released into the population. Then
at each subsequent trapping sample we record and attach a unique tag to every unmarked,
record the capture of any animal that has been previously tagged, and return all animals to
the population. At the end of the experiment the complete capture history for each animal
is known. Such experiments are also called mark-recapture, tag-recapture and multiple-record
system.

According to Seber [10], the first use of the capture-recapture technique can be traced back
to Laplace, who used it to estimate the population size of France in 1786. The earliest appli-
cations to ecology include Petersen’s and Dahl’s work on fish populations and Lincoln’s use
of band returns to estimate waterfowl in 1930. More sophisticated statistical theory and infer-
ence procedures have been proposed since Darroch’s paper [17], in which the mathematical
framework of this topic was founded. Seber [10—12] and Schwarz and Seber [13] provided
comprehensive reviews on the methodology and applications.

The models are generally classified as either closed or open. As stated in Section 1, the size
of a closed population is assumed to be a constant throughout the study period. The closure

Copyright © 2001 John Wiley & Sons, Ltd. Statist. Med. 2001; 20:3123-3157



3126 A. CHAO ET AL.

assumption is usually valid for data collected in a relatively short time during a non-breeding
season. In an open model, births and deaths are allowed and thus the size varies with time.
Open models are usually used for modelling the data from long-term investigations of animals
or migratory birds. The capture-recapture technique has also been adopted to estimate survival
rates, birth rates and migration rates.

We restrict this paper to closed models because the population size for most epidemiological
studies can be assumed to be approximately a constant in a fixed time period. We also
assume that individuals do not lose their marks and all marks are recorded and matched
correctly. Marking or tagging is mainly used to distinguish individuals, and thus the recapture
information can be applied to evaluate the degree of undercount. When recaptures in the
subsequent samples are few, we know intuitively for independent samples that the size is
much higher than the number of distinct captures. On the other hand, if the recapture rate is
high, then we are likely to have caught most of the animals.

We remark that overlap information in some studies can be obtained without marking. For
example, when the main purpose in regular bird counts is to count the number of species,
marking or tagging is not needed because species identification for each sighting would suffice
for providing species overlap and that information can be properly used to estimate the number
of undiscovered species.

2.2. Human populations

The capture-recapture technique originally developed for animal studies has been applied
to human populations under the term ‘multiple-record system’ [6, 8, 9, 18—21]. The special
two-sample cases are often referred to as the ‘dual-system’ or ‘dual-record system’. For ascer-
tainment data, if each list is regarded as a trapping sample and identification numbers and/or
names are used as tags or marks, then this framework is similar to a capture-recapture set-up
for wildlife estimation. Thus ‘capture in a sample’ corresponds to ‘being recorded or identified
in a list’, and ‘capture probability’ becomes ‘ascertainment probability’.

The earliest references to the application of the capture-recapture techniques to health sci-
ence included the pioneering paper by Sekar and Deming [18] for two samples, Wittes and
Sidel [19] for three samples, Wittes [20] for four samples, Wittes et al. [5] and Fienberg [6]
for five samples. Epidemiologists recently have shown renewed and growing interest in the
use of the capture-recapture models [16, 21]. Hook and Regal [22] also suggested the use
of capture-recapture models even for apparently exhaustive surveys. Hook and Regal [23],
IWGDMF (8, 9] and Chao [24] provided overviews of the applications of the capture-recapture
models specifically to epidemiological data. However, some critical comments and practi-
cal concerns about the use of capture-recapture models have been expressed by several au-
thors [14, 25-28]. We will address their main concerns in Section 6.

Three main differences between wildlife and human applications are noted:

(i) There are usually more trapping samples in wildlife studies, whereas in most epidemi-
ological surveys only two to four lists are available.
(ii) There is a natural time ordering in animal experiments, but generally no such order
exists in epidemiological lists, or the order may vary with individuals.
(iii) In animal studies, identical trapping methods are usually used in all trapping samples.
Hence animals’ behavioural response to capture is often present and is modelled in
analysis. In human populations, different types of ascertainment sources are utilized to
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Table 1. Individual ascertainment data for three lists.

Individual List 1 List 2 List 3
1 X X2 Xi3
X21 X» X3
M XMI XMZ XM3
M+1 0 0 0
N 0 0 0

search all individuals. The behavioural response due to the sampling scheme is not
commonly considered in models.

Researchers in wildlife and human populations have developed models and methodologies
along separate lines. Three of these approaches will be introduced after the formulation of
the data structure and the concept of dependence among samples.

3. DATA STRUCTURE AND DEPENDENCE

3.1. Data structure

We first introduce some notation. Assume that the true population size is N which is our
parameter of interest. The individuals can be conceptually indexed by 1,2,...,N and all
individuals act independently. Assume that there are ¢ samples (lists, records or sources)
and they are indexed by 1,2,...,¢. Presence and absence in any source are denoted by 1 and
0, respectively. For a three-list case as given in Table I, we can use three numbers (each
is either 0 or 1) to denote the record of each individual. For example, individual 1 was
identified in list 1 only. Then it is associated with the record (100) in the data; individual
2 was identified in all three lists, it is recorded as the record (111). Each individual in a
three-list case is associated with one of the following seven possible ‘capture histories’ or
‘ascertainment records’: (001); (010); (011); (100); (101); (110), and (111). Suppose there
are M identified individuals and N — M uncounted. Without losing generality, assume that
these M identified individuals are indexed by 1,2,...,M. If we augment all the identified
records by N — M individuals with history (000) as in Table I, then the ascertainment data
for all individuals can be conveniently expressed by an N x ¢ matrix X = (Xj;). Here X;; =1
if the ith individual is listed in the jth sample, 0 otherwise. A record (000) means that an
individual is not identified in any of the three samples.

The ascertainment data for all identified individuals can be aggregated as a categorical
data format as shown in Table II for the HAV data. That is, the frequencies of the same
record are grouped. Let Z,, ,, be the number of individuals with record si,s5,...,s;, where
s;=0 denotes absence in sample j and s;=1 denotes presence in sample j. For exam-
ple, when =3, there are seven observed cells Zyo1, Zoio, Zo11» Zioos Zio1» Zio and Zyp,
where Zyy; is the number of individuals listed in sample 3 only, Zy;; is the number of in-
dividuals listed in samples 2 and 3 but not in sample 1. A similar interpretation pertains

Copyright © 2001 John Wiley & Sons, Ltd. Statist. Med. 2001; 20:3123-3157



3128 A. CHAO ET AL.

Table II. Aggregated data on hepatitis A virus.

Hepatitis A list Data

P Q E

0 0 0 Zooo =7?
0 0 1 Zoo1 =63
0 1 0 Zoio =55
0 1 1 Zon =18
1 0 0 Zi0o = 69
1 0 1 Zi =17
1 1 0 Zio =21
1 1 1 Zin =28

to other capture histories. The missing cell Zyp=N — M denotes the uncounted. When
we add over a sample, the subscript corresponding to that sample is replaced by a ‘4’
sign. For example, Z, 1 =Zy11 + Zi1 and Z, 1 =Zoo1 + Zoi1 + Zio1 + Zin, and Zy =N.
Let n;, j=1,2,...,t be the number of individuals listed in sample j. For t=3, we have
m=Ziiy, m=Ziy, i3=21.

For the HAV data in Table II, there were 63 people listed in the E-list only, 55 people
listed in the Q-list only, and 18 people listed in both lists Q and E but not in the P-list.
Similarly, we can interpret the other records. The purpose here is to estimate the number
of total individuals (that is, N) who were infected in the outbreak. It is thus equivalent to
predicting the number of missed (that is, Zypo=N — M) by all three sources.

In a typical approach in epidemiology, cases in various lists are merged and any duplicate
cases are eliminated. That is, the capture histories in Table I and the categories in Table 11
are ignored in the analysis and only the final merged list is obtained. This typical approach
assumes complete ascertainment and does not correct or adjust for under-ascertainment. How-
ever, there were non-negligible uncounted cases in many epidemiological surveillance studies.
For example, before the screen serological check for all students of that college, epidemi-
ologists suspected that the observed number of cases (271) in Table Il considerably un-
dercounted the true number of infected and an evaluation of the degree of undercount was
needed [1, 29].

3.2. Dependence among samples

A crucial assumption in the traditional statistical approach is that the samples are independent.
Since individuals can be cross-classified according to their presence or absence in each list, the
dependence for any two samples is usually interpreted from a 2 x 2 categorical data analysis in
human applications. In animal studies, traditional ‘equal-catchability assumption’ is even more
restrictive, that is, in each fixed sample all animals including marked and unmarked have the
same capture probability. (Equal catchability assumption implies independence among samples
but the reverse is not true; see Section 4.3.) Non-independence or unequal catchabilities may
be caused by the following two sources:

(i) Local dependence (also called list dependence or local list dependence) within each
individual; conditional on any individual, the inclusion in one source has a direct causal
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effect on his/her inclusion in other sources. That is, the response of a selected individual
to one source depends on his/her response to the other sources. For example, the
probability of going to a hospital for treatment for any individual depends on his/her
result on the serum test of the HAV. The ascertainment of the serum sample and that
of the hospital sample then becomes dependent. We remark that ‘local independence’
has been a fundamental assumption in many statistical methodologies [30].

(ii) Heterogeneity between individuals; even if the two lists are independent within in-
dividuals, the ascertainment of the two sources may become dependent if the capture
probabilities are heterogeneous among individuals. This phenomenon is similar to Simp-
son’s paradox in categorical data analysis. That is, aggregating two independent 2 x 2
tables might result in a dependent table. Hook and Regal [31] presented an interesting
epidemiological example.

These two types of dependencies are usually confounded and cannot be easily disentan-
gled in a data analysis. Lack of independence leads to a bias (called ‘correlation bias’ in
census undercount estimation [32]) for the usual estimator which assumes independence. We
use a two-sample animal experiment to explain the direction of the bias. Assume that a first
sample of n; animals is captured. Therefore, the marked rate in the population is n;/N. A
second sample of n, animals is subsequently drawn and there are m, (that is, Z;; in our
notation for grouped data) previously marked. The capture rate for the marked (recapture
rate, overlap rate) in the second sample can be estimated by my/ny. If the two samples
are independent, then the recapture rate should be approximately equal to the marked rate
in the population. Therefore we have m,/n, =n;/N, which yields an estimate of the pop-
ulation size under independence: Ne =nny/m, (the well-known Petersen estimator or dual-
system estimator). However, if the two samples are positively correlated, then those indi-
viduals captured in the first sample are more easily captured in the second sample. The
recapture rate in the second sample tends to be larger than the marked rate in the popu-
lation. That is, we would expect that my/ny >n;/N, which yields N >nny/m;. As a result,
Petersen’s estimator underestimates the true size if both samples are positively dependent.
Conversely, it overestimates for negatively dependent samples. A similar argument is also
valid for a general number of samples. That is, a higher (lower) overlap rate is observed
for positively (negatively) dependent samples, which implies fewer (more) estimated missing
cases. Therefore, a negative (positive) bias exists for any estimator which assumes indepen-
dence.

When only two lists are available, three cells are observable: people identified in list 1
only; people identified in list 2 only, and people listed in both. However, there are four para-
meters: N, two mean capture probabilities and a dependence measure. The data are insuffi-
cient for estimating dependence unless additional covariates are available. All existing methods
unavoidably encounter this problem and adopt the independence assumption. This indepen-
dence assumption has become the main weak point in the use of the capture-recapture method
for two lists.

A variety of models incorporating dependence among samples have been proposed in the
literature. We will review three classes of models: ecological models; log-linear models, and
the sample coverage approach. The latter two approaches can be used to provide estimates
for some ecological models, but they are considered separately because of their different ways
of dealing with dependence.

Copyright © 2001 John Wiley & Sons, Ltd. Statist. Med. 2001; 20:3123-3157
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Table III. Two types of capture probabilities for ecological models.

Model  Multiplicative model in log-linear form Logistic model

Misn log(Py) = o + B; + v logit(Py) =i + B; + 7Y

M, log(Py) =i + Y logit(Py) = o + Y

My, log(Py) = f; + ¥ logit(Py) = f; + 7Y

\% N log(Py)=o0i + f; logit(P;)=a; + f; (Rasch model)
M, log(Py) = o logit(Py) = o

M, log(Pj)=0a+7yY (i =a) logit(Py)=a+ 7Y (0 = a)

M, log(P;) = f; logit(P;) = 5

4. MODELS AND ESTIMATORS

4.1. Ecological models

This approach specifies various forms of capture probabilities based on empirical investigations
of animal ecology. Although most authors in this field did not aim to model dependence
between samples, dependence is induced when some special types of capture probabilities are
formulated. Two types of probabilities have been proposed: multiplicative and logistic.

The multiplicative class of models was first proposed by Pollock [33] and was fully dis-
cussed in the two monographs by Otis et al. [34] and White et al. [35]. Three sources of
variation in capture probability are considered: time-varying, behavioural response, and hetero-
geneity. The corresponding models are denoted by model M;, M, and My, respectively. Var-
ious combinations of these three types of unequal capture probabilities (that is, models My,
My, My, and My,;,) are also considered. These models specify the conditional probability of
capturing the ith animal in the jth sample given the capture history of samples 1,2,...,7 — 1.
Denote this conditional probability by F; for notational simplicity. A multiplicative form of
model My, is

» pie;  until first capture
o ¢pie; for any recapture

where 0 < pie;, ¢pp;e; <1. Here the parameters {ej,es,...,e}, {p1, p2,..., py} and ¢ are used
to model the time effects, individual heterogeneity and the behavioural response to capture,
respectively. Reparameterize o; =log(p;), p; =log(e;), y=log(¢), and define Y; =1 [the ith
animal has been captured before the jth sample] where /(A4) is an indicator function of the
event A4, that is, /(4)=1 if 4 is true and /(4) =0 otherwise. The time-dependent variable ¥;
is used to denote the prior capture history of individual i for sample j. Then the multiplicative
type of probability can be conveniently expressed as the following log-linear form:

log(Fj)=o; + B +7Y; (1)

All submodels can be easily formulated as shown in Table III.
Logistic types of models have also been proposed [36—38] in the literature and the form
of a logistic model My, is

. P
logit(£) = 10g<1_]p.,> =0+ + 7% )
ij
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which is equivalent to B; =exp(a; + f; + yY;)/[1 + exp(o; + B; + 7¥;)]. All submodels of the
logistic form are also shown in Table III. The two types of models and submodels can thus
be integrated in a unified expression and they only differ in the link function. The logistic
model My, that is, y=0 in equation (2), is the well-known Rasch model [39], which plays
an important role in educational statistics and in the analysis of survey data.

To reduce the number of parameters and to remove the non-identification caused by the
numerous parameters {oy, %,...,0y}, one of the following is usually assumed: (i) they are a
random sample from a parametric distribution characterized by a few parameters, for example,
beta or normal distributions (random-effects model) [40, 41]; (ii) they can be partitioned as
two or more homogeneous groups (latent class model or mixture model) [42]; (iii) They are
determined by the first two moments totally (usually, mean and coefficient of variation) [43].

For both types of ecological models, the samples are independent only for model M. Local
list dependence is present for models M}, and My,; heterogeneity arises for model My; both
types of dependencies exist for models My, and Myy,. As noted in the reviews [10—13],
estimators for various models may be found in the literature. These estimators rely on a wide
range of methodologies.

An analysis of the closed model can be performed using a comprehensive computer pro-
gram, CAPTURE [44]. The program is readily available from Gary White’s website
(http://www.cnr.colostate.edu/~gwhite/software.html). See Section 5 for another program cal-
culating some recent estimates and their standard errors.

As indicated in Section 2.2, there is a natural time ordering in ecological experiments.
Models with behavioural response (that is, models My, My,, My, and My,;,) allow the capture
of any individual depending on its own ‘previous’ capture histories and thus ordering is
implicitly involved in these four models. Meanwhile, almost all estimation procedures derived
under these models depend on the ordering of the lists. Since there is usually no sequential
time order in ascertainment lists or sources, any model involving behavioural response or any
estimator depending on the list order has limited use in epidemiology. Therefore, only models
M, M;, and My, are potentially useful for our applications.

For model M, the multiplicative model and the logistic model are equivalent because
either model is only a reparameterization of the other. The MLE (conditional on the total
number of identified) of population size under model M, is identical to that obtained under
the independent log-linear model [10, 17, 45]. Therefore, model M, will be included in the
log-linear model approach in Section 4.2.

For model M}, both types of models are also equivalent. Model M}, assumes that each
individual has its own unique probability that remains constant over samples. Thus it is
usually applied to the situations where similar types of trapping methods are taken. Model
My, extends model My, by allowing for various sampling efforts or time effects. A widely used
estimator for model My, is the jackknife estimator proposed by Burnham and Overton [46].
The jackknife estimator is a linear function of the capture frequencies {fi, f2,..., fi} where
Jr denotes the number of animals captured exactly £ times in the ¢ samples. The jackknife
estimator is invariant to the order of the lists. As indicated by Otis et al in their monograph
(reference [34], p. 34), the bias of the jackknife is within a tolerable range if the number of
trapping samples is greater than five.

The logistic model My, (that is, the Rasch model) is equivalent to a quasi-symmetric log-
linear model with some moment constraints [32, 47]. Hence it will be discussed in Section
4.2. For multiplicative models My, and M}, Chao et al. [48] and Lee and Chao [43] proposed
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some estimators focusing on animal data, but those estimators are suggested for use when
the number of samples is sufficiently large (say at least five, as in the jack-knife method).
Therefore, except for the Rasch model, heterogeneous ecological models are recommended
only when at least five lists are available. An example with five samples is given in Section 5.4
for illustration.

4.2. Log-linear models

The log-linear models have been proposed [6, 40, 45, 47, 49, 50] to handle dependence among
samples. This approach is well discussed in the two review papers by IWGDMF [8, 9], thus
we only provide a brief description here. In this approach, the data are regarded as a form of an
incomplete 2’ contingency table (¢ is the number of lists) for which the cell corresponding to
those individuals unlisted by all samples is missing. Then various log-linear models are fitted
to the observed cells. How well a model fits the data is assessed using the deviance statistic
and a model is usually selected based on the Akaiki information criterion. The chosen model
is then projected onto the unobserved cell by assuming that there is no 7-sample interaction.
The two types of dependencies can be modelled by including some specific interactions or
common interaction in the models.

We use the three-list data for illustration. The log-linear approach models the logarithm of
the expected value of each observable category, that is, the most general model is

logE(Zj)=u+ul(i=1)+wl(j=1)+usl(k=1)+upl(i=j=1)+usl(i=k=1)
tunl(j=k=1)+tunl(i=j=k=1) (3)

That is, lOgE(Z()()l ) =u -+ us, IOgE(Z()l()) =u—+ Uy, lOgE(Zl()()) =u-+up, IOgE(Zn()) =u—+u +
uy +urp, 10g E(Zyo1) = u+uy +u3 + 3, 10g E(Zon ) = u + ur +u3 + tp3, and log E(Zyyy) =u +
uy + up + u3 + U + 113 + usz +upps. This is a reparameterization of the eight expected values.

For three-list data, we have seven observed categories, whereas there are eight parameters
in equation (3). Therefore, a natural assumption is that there is no three-list interaction term,
that is, u1,3 =0. Intuitively, this means the complete 2 x 2 table formed with respect to lists
2 and 3 for individuals in list 1 and the incomplete 2 x 2 table for individuals not in list 1
have the same odds ratio. The sample odds ratio for the former table is Zi11Z100/(Z110Z101)
whereas the odds ratio for the latter table is Zo11Zooo/(Zo10Z0o1 ). The assumption of 53 =0
allows the following extrapolation formula:

2000:2001201021002111/(211020112101) (4)

which expresses the estimated missing cases as a function of the fitted values of other
categories [6, 45]. The fitted values of the observable cells are determined by the chosen
model.

The independent model includes only main effects as given by

log E(Zj) =t +wI(i=1)+uwl(j=1)+ wl(k=1)

The resulting estimator under this model using (4) is equivalent to the MLE for model M;
[45]. The interaction terms are used to model dependence. If local list dependence arises in
samples 1 and 2, then the interaction term uy, is included, and the model is denoted as model
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(12, 3) or 12/3 as used in categorical data analysis. If local dependence also appears in samples
1 and 3, then the two interactions u;, and u;3 are needed. The model is denoted as model
(12, 13) or 12/13 and similarly for models 13/2, 23/1, 13/23 and others.

The log-linear model can also be motivated by the Rasch model and its generalizations
which incorporate heterogeneity among individuals. As shown in Table III and Section 4.1,
the Rasch model assumes logit(F;)=o; + f;. Only dependence due to heterogeneity arises
in this model and there is no local list dependence. A generalized Rasch model allows the
heterogeneity effects {o,a,...,ay} to be different for two or more separate groups of samples.
For example, in a three-list case, it assumes

ai+ﬁ‘z :152
logit(P;) = > (5)
Yol +p. =3
i J> -

It has been verified [32, 47, 51] that the Rasch (generalized Rasch) model is equivalent to
a quasi-symmetric (partial quasi-symmetric) model with some moment constraints. Except for
the constraints, a quasi-symmetric model for the three-list case with no second-order interac-
tion, that is, ujp3 =0, is equivalent to the model with first-order interactions identical; this is
denoted by (12=13=23) or simply H1 (first-order heterogeneity [8, 9]). Only one degree
of freedom is used to model heterogeneity. A partial quasi-symmetric model in equation (5)
with u15; =0 is equivalent to the model with u,3 = uy;. This model is denoted as (13 =23,12).
Similarly, we have models (12 =13,23) and (12=23,13) corresponding to other two partial
quasi-symmetric models. Therefore, the dependence due to heterogeneity can be modelled
by either a quasi-symmetric or a partial quasi-symmetric model. We remark that when both
types of dependencies occur, they are inevitably confounded in the interaction or common
interaction terms and cannot be separated.

The model in (3) can be similarly formulated when there are more than three lists. The
basic assumption for four lists is the third-order interaction vanishes (that is, #2343 =0); that
is, the three-list interaction for individuals in list 1 is the same as that for individuals not
in list 1. Local list dependence can be modelled by including the first-order interaction term
(12, U13, U1, Un3, Ung, Uz4 ) and/or the second-order interaction (uy23,u134, U124, U234 ). The Rasch
model is equivalent to a model with first-order heterogeneity H1 (that is, 12=13=14=23
=24=34) and second-order heterogeneity H2 (that is, 123 =124=134=234). Thus two
parameters are used to model heterogeneity in the Rasch model for four lists. If additional
local dependencies also occur between lists 1 and 2, lists 1 and 3, and lists 2 and 4, then we
add three more parameters uj, u;3 and w4 to the model and the resulting model is denoted
as (12/13/24, H1, H2). Refer to the sample program output in Section 5.3 for other types
of models. For the general case of ¢ lists, the Rasch model with no highest order interaction
is equivalent to a model with interactions of equal order assumed identical; a partial quasi-
symmetric Rasch model is equivalent to assuming some of the interactions are equal; see
Lloyd [51] for details.

Other useful models, including normal random-effects models, latent class models
[40, 42, 50], non-parametric models [52] and Bayesian approaches [47], have also been pro-
posed to reflect heterogeneity in the Rasch model, thus widening the scope and application
areas of the log-linear model approach.
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4.3. Sample coverage approach

As discussed in Section 2.1, overlap information plays an important role in estimating the
number of missing cases. The main purposes of the sample coverage approach proposed by
Chao and Tsay [53] and Tsay and Chao [54] are to provide a measure to quantify the overlap
information and also to propose parameters to quantify source dependence.

Dependence is modelled by parameters called the ‘coefficient of covariation’ (CCV). To
better understand the CCV parameters, we only consider heterogeneity. Define FP; as the
conditional probability of identifying individual i in the jth list. The CCV of samples j and
k for a fixed-effect approach is defined as

. _gi(%—uj)(ﬂk—uk)_gzﬁilﬁjﬂk O
TN S 1 N o
where p; = Zf[: Bj/N =E(n;)/N denotes the average probability for being listed in the jth
sample. The magnitude of y; measures the degree of dependence between samples j and k.
The two heterogeneous samples are independent if and only if y; =0, that is, N ! vazl PPy =
Wi, which means that the covariance between the two sets of probabilities, {F;; i=1,2,...,
N} and {Py; i=1,2,...,N}, is zero. They are positively (negatively) dependent if 7y >0 (
<0), which is equivalent to N~! Z?;Piipik > ik (N! Z?]:1P{/‘Pik <pjpk), that is, the av-
erage probability of jointly being listed in the two samples is greater (less) than that in the
independent case. It follows from (6a) that the CCV is zero if the capture probabilities for
one sample are constant (that is, a random sample); in this case, no correlation bias arises
even if the other sample is highly heterogeneous provided that no local dependence exists. We
can prevent local dependence by taking the second sample random because equal catchability
implies probabilities are the same regardless of marking status. For a random-effect model,
we assume that {(Py,Pa,...,Py), i=1,2,...,N} are a random sample from a ¢-dimensional

(6a)

.....

_E[(B — w) (B — )] cov(BPLF)  E(BEP)
ik = = = -1 (6b)
Hilk Hjlk Ktk
where u; =FE(F) denotes the average capture probability for the jth sample. Researchers in
fishery sciences have suggested that correlation bias due to heterogeneity could be reduced
if two different sampling schemes were used (for example, trapping and then resighting, or
netting and then angling). This was justified by Seber (reference [10], p. 86); it also could
be seen from formula (6b) because there is almost no covariance between the distributions
for two distinct samplings.
The CCV for more than two samples can be similarly defined and interpreted. For example,
the CCV for samples ki,kp,...,k, in a random-effect model is defined as

_ E[(By — i )Py, — i) - - - (B, — 1,)]
Viky.kw =
ey By -+« P,

The CCV for the general cases with two types of dependencies has been developed [53], but
it will not be addressed here. We only remark that all CCVs in the general cases measure
the overall effect of the two types of dependencies.

For two lists, the usual independence assumption is equivalent to setting the two-sample
CCV at 0 (y;2=0). It is not possible to model dependence between two lists as we discussed
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in Section 3.2. For the three-list cases, there are seven observable categories (as in the HAV
data in Table II) and eight parameters: N; pu;; s Uz V125 Y135 Y235 Y123- One constraint is still
needed, yet it is possible to model dependence. Consequently, at least three samples are
required to reasonably estimate any dependence parameters.

The concept of sample coverage was originally proposed by Turing and Good [55]. This
concept has played an important role in the classical species estimation for heterogeneous
communities [56] and has been modified for multiple-sample cases [53], in which the sample
coverage is used as a measure of overlap fraction. The basic idea is that the sample coverage
can be well estimated even in the presence of two types of dependencies. Thus an estimate
of population size can be derived via the relationship between the population size and the
sample coverage. Chao and Tsay [53] dealt mainly with the three-sample case. Extension to
cases with more than three samples was provided by Tsay and Chao [54]. Below we will
separately summarize the estimation procedures for the three-list case and the general case.

If an additional case were selected from the third list, then a proper overlapping measure
would be the conditional probability of finding this case that had already been identified in
the combined list of the other two sources (that is, finding a case i for which X;; + X, >0).
The overlap fraction can be quantified as E?]:lP,gl X + X >0)/Z§\]:113i3. Considering that
this additional individual could be selected from any of the three lists, we define the sample
coverage as the average of the three possible overlap fractions as follows:

oo L EL Pl + X2 >0) | Y Pol (Xiy +Xis>0) 530, Pal (Ko + Xz >0)
3 vazl Ps vazl Po Zivzl Fu

An estimator of the sample coverage is [53]

é:]_l @4_@_’_@ :l 1_@ + 1_@ + 1_@ (7)
3 ny ny nj 3 np nj ns

which is the average (over three lists) of the fraction of cases found more than once. Note
that Zy00, Zo1o and Zyy are the numbers of individuals listed only in one sample. Hence this
estimator is the complement of the fraction of singletons. Obviously, singletons cannot contain
any overlapping information. Define

1 1
D= g[(M —Zio0) + (M — Zyio) + (M — Zopo1 )] =M — g(zmo + Zoio + Zoo1) (®)

Here (Z100 + Z100 + Z100)/3 represents the average of the non-overlapped cases and recall that
M denotes the total number of identified cases. Thus D can be interpreted as the average of
the overlapped cases. The sample coverage estimation procedures for the three-list case are
summarized in the following:

1. When the three sources are independent, a simple population size estimator is derived as
No=D/C 9)

The above estimator is obtained by noting that C is reduced to D/N under independence.
It can also be intuitively thought of as ratio of overlapped cases to overlap fraction.
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2. When dependence exists and the overlap information is large enough (how large it should
be will be discussed further below), we take into account the dependence by adjusting the
simple estimator given in (9) based on a function of two-sample CCVs. The adjustment
expansion formula [54] is

N=24+L

c 3C

where R is the remainder term in the above expansion and R/N — = py o[ y12(y13+723) —

Y123) + prps[y13(Y12 +923) — Y1231+ tops[y23(712 +713) — y123] in probability when N becomes

large. Our constraint is set by letting y = 0. The constraint is satisfied under a multiplicative

model My, where the heterogeneity effects follow a gamma type of distribution [53]. Since

gamma distribution can cover a wide range of heterogeneity patterns, this is our main

motivation for setting this constraint. In equation (10), if R is ignored and CCVs are
substituted by the following functions of N:

Zin Ziit
ns

[(Ziso + Zi10)y12 + (Ziog + Zio1)y13 + (Zots + Zos1)y23] + R (10)

—1 =N =N — 11
> V23 P > Y12 . (11)

then we end up with an estimating equation of N. The following solution of the resulting
estimating equation is the estimator:

N VARTIE VAT +Zn+} /{1 b l:(ZHO +Z10)Z11+
3C 3C niny
n (Zvos+ + Z101)Z1 11 n (Zot1 + 201+)Z+11] } (12)
nins nanj

3. For relatively low sample coverage data, we feel the data do not contain sufficient infor-
mation to accurately estimate the population size. In this case, the following ‘one-step’
estimator N, is suggested (the estimator is called ‘one-step’ because it is obtained by one
iterative step from the adjustment formula (10) with y;’s being replaced by (11)):

~ D 1 N N R
M= ¢ * 36'[(Zl+o +Z10)012 + (Zioy + Zyo1)013 + (Zoit + Zov1)73] (13)
where CCV estimates are
4 ~ 7 A
7713:N/ =L > 7723:N/7+” - L 7712:N/ S (13a)
nins nons niny
and
A D 1 DZ]H_ DZ]-H
N =—+ A{Z +Z <A—l)+Z +Z (A—l
REY; (Zito +Z110) & mm (Zio+ + Zyo1) s
DZ,
Z Z . |
+ (Zo14 + O+1)<cn2n3 )]
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This one-step estimator can be regarded as a lower (upper) bound for positively (nega-
tively) dependent samples. Hook and Regal [7] noted that most data sets used in epidemi-
ological applications tend to have a net positive dependence. Thus the one-step estimator
is often used as a lower bound as will be shown in Section 5.

A bootstrap resampling method [57] is proposed to obtain estimated standard errors for
the above three estimators and to construct confidence intervals using a log-transformation
[58]. A relatively low overlap fraction means that there are relatively many singletons. In this
case, the undercount cannot be measured accurately due to insufficient overlap. Consequently,
a large standard error is usually associated with the estimator in equation (12). How large
should the overlap information be? Previous simulation studies [29] have suggested that the
estimated sample coverage should be at least 55 per cent. A more practical data-dependent
guideline can be determined from the estimated bootstrap SE associated with the estimator
given in (12). If the estimated bootstrap standard error becomes unacceptable (say, it exceeds
one-third of the population size estimate), then only the lower or upper bound in (13) is
recommended.

We now outline the result for the general z-sample case. The sample coverage for the
general case can be defined in a similar manner and the estimator is

%)

A 1 .t
C=1- 4

(14)

S
=

t iz

where S, =Zk,..xllk:=1,k;=0,j#n] denotes the number of individuals that are listed in
sample n only A(that is, singletons). For ¢t =4, we have S| = Z000, S2 = Zo100, S3 = Zoo10, and
S4=Zooor and C =1 —(Zioo0/m1 + Zo1oo/n2 + Zoor0/n3 -+ Zooo1/n4), which is an extension of (7).
In the independent case, a valid estimator is D/C, where

At
D=-Y {S1| ¥ x>0

tizn i | j#

}zMii& (15)

k=1

Define H(i,j) = Zip..x, I[ki = 1.kj = +,k, = 0, n#i,n#j], and A(i,j) = H(i,j) + H(j,i).
For example, A(1,2) = Z; 00 + Z 1100, A(2,3) = Zo140 + Zoy10- When any type of dependence
exists, a generalized formula of (10) becomes [54]

D 1
N:T—f— ~ Al, ,—|—R>.<
c tCZjIﬂZ (&7 )i

where R* denotes the remainder term. As in the three-list case, R*/N tends to zero under a
multiplicative model My, where the heterogeneity effects follow a gamma type of distribution
when N is large enough. Let B(i,j) = Zw, .k I[ki = ki = 1, k, = +, n#i, n#j]. For example,
B(1,2) = Zi114 and B(2,3) = Z,y1+. Using the relationship that y; = NB(i,j)/(nin;) — 1 and
substituting it into the above equation, an estimator for the ¢z-sample case can be shown to be

—1
_[p 1 L e AGDBG)
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Table IV. Features of the program CARE.

CARE-1 CARE-2
Application Epidemiological data (without a ~ Animal data (usually with a natural time
natural time ordering) ordering)
Environment/language S-plus C
Data format Aggregated categorical data (With covariates) individual capture
history
(Without covariates) both types of data
Model Log-linear models Ecological multiplicative and logistic models
Sample coverage approach
Number of samples (1) t=21to 6 t =2 for homogeneous models
t =5 is suggested for heterogeneous
models
Estimators All estimators are independent Some estimators depend on the ordering
of the ordering of the lists of the lists

Note that when ¢ = 3, (16) reduces to (12) because tD — > > A, j) = Zi11 + Zis1 + Zy11-
The one-step estimator is given by

~ D 1
1= tCZZ (L,))7y (17)

l<]

where §; is similarly defined as those in (13a). Standard error estimate and confidence interval
can be analogously constructed using a bootstrap method.

5. PROGRAM ‘CARE’ WITH EXAMPLES

The program CAPTURE, specifically developed for analysing closed ecological data, has not
been updated since 1991 [44]. It is felt that an additional program might be needed because
some new estimators have been proposed. We have developed a program CARE (for capture-
recapture) containing two parts: CARE-1 and CARE-2. The size of the program is about
400 kB. CARE-1 is an S-plus [59] program for analysing epidemiological data; CARE-2,
written in C language, calculates various estimates for multiplicative ecological models. The
features for these two subprograms are presented in Table IV. The program CARE is available
on the first author’s website at http://www.stat.nthu.edu.tw/~chao/.

Since our focus here is on epidemiological applications, we only demonstrate in this section
the use of CARE-1, but some results from CARE-2 will be given in Section 5.4 for a data
with five lists. The reader is referred to the previously-mentioned website for the use of
CARE-2. The four data sets mentioned in Section 1 are used for illustration. The HAV data
are displayed in Table II (three lists) and the other three sets on spina bifida (three lists),
diabetes (four lists) and birth defects (five lists) are shown in Table V.
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Table V. Data on spina bifida, diabetes and congenital anomaly.

Spina bifida list Data
B D M
0 0 0 Zooo =7?
0 1 0 Zoio =49
0 1 1 Zoni =4
1 0 0 Zigo =247
1 0 1 Zion =112
1 1 0 Zio =142
1 1 1 Zin=12
Diabetes list Data
1 2 3 4
0 0 0 0 Zoooo =27
0 0 1 0 Zooo =182
0 0 1 1 Zoot1 =8
0 1 0 0 Zoroo =74
0 1 0 1 Zoio1 =7
0 1 1 0 Zoi10 =20
0 1 1 1 Zoin =14
1 0 0 0 Zi000 =709
1 0 0 1 Zioo1 =12
1 0 1 0 Zi010 =650
1 0 1 1 Zioi1 =46
1 1 0 0 Ziioo =104
1 1 0 1 Zio1 =18
1 1 1 0 Zio =157
1 1 1 1 Zin =58
Congenital anomaly list Data
1 2 3 4 5
0 0 0 0 0 Zooo00 = ??
0 0 0 0 1 Zoooo1 =83
0 0 0 1 0 Zooo10 =97
0 0 0 1 1 Zooo11 =30
0 0 1 0 0 Zooioo =4
0 0 1 0 1 Zooio1 =3
0 0 1 1 0 Zoot10 =2
0 0 1 1 1 Zooi11 =0
0 1 0 0 0 Zoto00 =37
0 1 0 0 1 Zoioo1 = 34
0 1 0 1 0 Zoio10 =37
0 1 0 1 1 Zoroi1 =23
0 1 1 0 0 Z()]]()() =1
0 1 1 0 1 Zo1101 =0
0 1 1 1 0 Zoiio=3
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Table V. (Continued)

Congenital anomaly list Data

1 2 3 4 5

0 1 1 1 1 Zo1111 =0
1 0 0 0 0 Zioooo =27
1 0 0 0 1 Zi0001 =36
1 0 0 1 0 Zigo10 =22
1 0 0 1 1 Ziooi1 =5
1 0 1 0 0 Zioio =4
1 0 1 0 1 Zioi01 =5
1 0 1 1 0 Zioto=1
1 0 1 1 1 Zioinn =3
1 1 0 0 0 Zio00 =19
1 1 0 0 1 Zioo1 =18
1 1 0 1 0 Zio10 =25
1 1 0 1 1 Zionn =8
1 1 1 0 0 Zito =1
1 1 1 0 1 Zior =2
1 1 1 1 0 Zio=35
1 1 1 1 1 Zinn =2

5.1. Hepatitis A virus data (three-sample, low sample coverage)

The analysis procedures for the HAV data given in Table II are the following (the program
CARE-1 must be executed in an S-plus environment [59]; what the user needs to input is
shown in bold face throughout this section):

1. Insert the CARE disk in a floppy disk drive, say in drive a. Invoke S-plus and type
source(‘““a:/care-1.txt”) after a prompt sign, then press the (Enter) key. The following
display is shown:

CARE-1: for applications to epidemiological data.

This program is used to estimate population size

based on incomplete sources by capture-recapture methods.
The models considered include the log-linear models and the
sample coverage approach. Output includes population size
estimate and its associated standard error as well as a 95
confidence interval (cil,ciu).

The necessary change in the S-PLUS environment:

* Under the S-PLUS toolbox, please select Options under Main
Menu -> General Settings -> Computations -> Max Recursion,
then change the default value 256 to 1024.

Before using this program, please check the following

assumptions:

* Interpretation or definition for the characteristic of the
target population should be consistent for all data sources.
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* Closure assumption: the size of the population is
approximately a constant during the study period.

* Ascertainable assumption: each case must be ascertainable
for all sources, although the probability of ascertainment
is allowed to be heterogeneous.

* For all sources, identification marks are correctly
recorded and matched.

Please select:
three-source case
four-source case
five-source case
six-source case

(S =GV O I

;oexit
Selection: 1

2. The next step is data entry. CARE-1 can only handle categorical data. Since the HAV
data consist of three lists, select 1 (three-source case) as above. Then press the (Enter)
key and do the following step-by-step data entry:

Your selection is 1 (three-source)
Please key in Z001: 63
Please key in Z010: 55
Please key in Z011: 18
Please key in Z100: 69
Please key in Z101: 17
Please key in Z110: 21
Please key in Z111: 28

3. When data entry is finished, press (Enter). After a while, the output is shown as further
below. For three-list data, the output includes: (i) estimates based on any pair of sam-
ples; this part includes the standard Petersen estimator and the nearly unbiased estimator
(the Chapman estimator [10]). Although these two estimates are valid only under the
restrictive independence assumption, they are practically useful as a preliminary analysis
[22, 47]; (i1) estimates based on various log-linear models; and (iii) estimates obtained
from the sample coverage approach. For programming convenience, the lists are consec-
utively labelled as list 1, 2 and 3. The correspondence to the user’s label of lists should
be clear.

OUTPUT:

Number of identified cases in each list:
nl n2 n3
135 122 126
(1) ESTIMATES BASED ON ANY PAIR OF SAMPLES:

Petersen Chapman se cil ciu
pair(1,2) 336 334 29 289 403
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pair(1,3) 378 374 36 319 461
pair(2,3) 334 331 30 285 404

Note 1: Refer to Seber (1982, pages 59 and 60) for the Petersen
estimator and the Chapman estimator as well as s.e.
formula.

Note 2: A log-transformation is used to obtain the confidence
interval so that the lower limit is always greater than
the number of ascertained. Refer to Chao (1987, Biometrics,
43, 