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Abstract

This paper explores a uni�ed approach to inference on the size of a closed population using
capture–recapture data where time, behavior or heterogeneity may a�ect the capture probabil-
ities. The unifying idea is that of an optimal estimating function incorporating the notion of
sample coverage. The proposed procedure generalizes the martingale estimating function ap-
proach (Lloyd, 1994, Biometrika, 81, 305–315) and also extends the sample coverage procedure
(Lee and Chao, 1994, Biometrics, 50, 88–97). Results of a simulation study are reported to in-
vestigate the behavior of the proposed procedure. An example concerning captures of deer mice
is given to illustrate the method. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

In biological and ecological sciences, population size estimation is a classical problem
and has been extensively discussed in the literature. The pioneering work of Darroch
(1958) provided a mathematical foundation for the theory. Seber (1982,1986,1992) and
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Nomenclature

t number of trapping samples
N population size
pij capture probability of the ith animal in the jth trapping sample
pi �rst-capture probability of the ith individual animal; p1; p2; : : : ; pN have

mean �p=
∑N

i=1 pi=N and coe�cient of variation (CV) =[
∑N

i=1(pi−
�p)2=N ]1=2= �p

ej multiplicative time e�ect of the jth trapping sample
� proportional constant relating recapture probabilities to initial-capture

probabilities
Ck sample coverage of the �rst k samples, k = 1; 2; : : : ; t, C0 ≡ 0
Xij =1 if the ith animal is caught in the jth sample, =0 otherwise
nk number of animals captured in the kth sample
uk number of unmarked animals captured in the kth sample
mk number of marked animals captured in the kth sample, m1 = 0
fjk number of animals captured exactly j times in samples 1; 2; : : : ; k, f10 ≡

0
Mk number of distinct animals captured just before the kth sample, M1 = 0
Z! number of animals with capture history !, where ! is a non-empty

subset of {1; 2; : : : ; t}, i.e., the number of animals caught in each of the
samples indexed by elements of !, and in no others.

Schwarz and Seber (1999) presented comprehensive reviews on the topic. We focus
on population size estimation for the hierarchy of closed capture–recapture models
proposed by Pollock (e.g., Pollock, 1991) and Otis et al. (1978). The three basic
models considered are (a) model Mt , which allows capture probabilities to vary by
time; (b) model Mb, which allows behavioral responses to capture; and (c) model Mh,
which allows heterogeneous capture probabilities. Various combinations of these three
types of unequal capture probabilities (i.e., models Mtb, Mth, Mbh and Mtbh) are also
considered. The special model M0, in which no variation exists, will not be discussed
due to its limited practical use.
As noted in the reviews of Seber (1982,1986,1992) and Schwarz and Seber (1999),

estimators for various models may be found in the literature. These estimators rely on
many di�erent approaches: maximum likelihood, jackknife method, log-linear models,
Bayesian methods, mixture models, regression methods, sample coverage procedures,
martingale estimating functions and an estimator averaging concept. The most general
model (model Mtbh) has been considered only conceptually useful and too complex to
be applied to practical situations because too many parameters are involved. Neverthe-
less, it has been selected as the most likely model for estimating squirrel populations
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(White et al., 1982, p. 149) and in the example discussed below. If the heterogeneity
e�ects can be characterized by a limited number of parameters using random-e�ects
or similar types of models, then the analysis of model Mtbh becomes possible when
data are not sparse. Lee’s (1996) conditional sample coverage approach (given the
capture data of the �rst sample) represents the �rst attempt to deal with the model. He
successfully applied the method to the squirrel data of White et al. (1982).
Our interest in this general model was motivated by the deer mouse data presented

in Otis et al. (1978, p. 93) which we re-examine in Section 3. The model selection
procedure in Otis et al. (1978) shows that the most likely model is model Mtbh and
model Mb is the next most likely model. The application of Lee’s (1996) approach
to this data set yields an estimate with large standard error due to the small amount
of information in the �rst sample. We were thus motivated to extend an approach
using estimating functions, previously applied to homogeneous models by Chao et al.
(2000), to heterogeneous models. This procedure also generalizes the martingale esti-
mating function approach (Lloyd, 1994) and extends the sample coverage procedure
(Lee and Chao, 1994) in which the relative time e�ects are assumed to be known
constants. Recall that an estimating function is a vector function of the parameters and
the data, and its roots yield the parameter estimates. An unbiased estimating function
is such that the expectation of the function is zero for all parameters. The consistency
of the resulting estimators under some regularity conditions relies on the unbiasedness
of the estimating functions. Let � denote the row vector of parameters involved in
the model and gk be an unbiased estimating function (e.g., a martingale di�erence)
associated with sample k, where k = 1; 2; : : : ; t. The estimating functions considered in
this paper are linear combinations of g1; g2; : : : ; gt , where the weight associated with
gk is allowed to be a function of the parameters and the past up to time k − 1.
Let Ec, varc, covc and Covc denote, respectively, the expectation, variance, covari-
ance and variance–covariance matrix conditional on the past up to time k − 1. The
optimal estimating equation is given by (see Liang and Zeger, 1995 for necessary
background.)

g =
t∑
k=1
DTk V

−1
k gk = 0; (1.1)

where DTk denotes the transpose of Dk , Dk = Ec[@gk =@�] and Vk = Covc(gk). Here the
“optimality” is in the sense that the corresponding root � of g=0 has minimum asymp-
totic variance in the class of weighted linear functions of g1; g2; : : : ; gt . The quantities
DTk V

−1
k play the role of the optimal weights.

Our uni�ed approach is presented in Section 2 along with the resulting estimators
of population size for each model. In Section 3, we re-examine the deer mouse data.
Section 4 reports some limited simulation results that illustrate the general performance
of our procedure and compare it with other approaches. A summary and discussion are
given in Section 5. Details of all the derivations and the related asymptotic properties
have been omitted and readers are referred to the appendices of a technical report by
the authors (Chao et al., 1998).
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2. Models and estimators

We �rst list the models and assumptions below:

Model Assumption Restriction in model Mtbh

Mtbh pij =
{
piej until �rst capture
�piej for any recapture

Mbh pij =
{
pi until �rst capture
�pi for any recapture

Set ej = 1 in model Mtbh

Mtb pij =
{
ej until �rst capture
�ej for any recapture

Set pi = 1 in model Mtbh

Mth pij = piej Set �= 1 in model Mtbh

Mh pij = pi Set ej = 1, �= 1 in model Mtbh

Mb pij =
{
p until �rst capture
�p for any recapture

Set pi = p; ej = 1 in model Mtbh

Mt pij = ej Set pi = 1, �= 1 in model Mtbh

Thus the parameters {e1; e2; : : : ; et}, {p1; p2; : : : ; pN} and � are used, respectively, to
model the time e�ects, individual heterogeneity and the behavioral response to capture.
A multiplicative form of the capture probabilities is assumed for the time and hetero-
geneity e�ects, and the recapture probabilities are proportional to the initial capture
probabilities. The individual probabilities {p1; p2; : : : ; pN} could be treated as either
�xed or random e�ects. In a �xed-e�ects model, it is impractical to estimate the indi-
vidual pi’s. To reduce the number of parameters and to remove the non-identi�cation
caused by the numerous parameters, we further assume in a �xed-e�ects model that
all the heterogeneity e�ects are characterized by the mean �p =

∑N
i=1 pi=N and the

coe�cient of variation (CV)  = [
∑N

i=1(pi − �p)2=N ]1=2= �p. That is, for models with
heterogeneity, only the mean and CV of the probabilities {p1; p2; : : : ; pN} need to be
identi�ed. (In a random-e�ects model, this assumption is equivalent to assuming that
{p1; p2; : : : ; pN} is a random sample from a parametric family with two parameters.)
Our derivation focuses on the �xed-e�ects approach, unless otherwise speci�ed. Both
approaches lead to the same estimators.
The animals are assumed to act independently. The capture histories can be expressed

in a matrix (Xij), where Xij = I [the ith animal is caught in the jth sample], and I [:]
is the usual indicator function.
To motivate and provide a background to our approach to heterogeneity models, in

Sections 2.1 and 2.2, we discuss the widely used homogeneous models Mt and Mb. In
Section 2.3, we give the uni�ed estimating approach for the most general model Mtbh.
Other models (Mtb, Mbh, Mth and Mh) will be treated as special cases of model
Mtbh. Some estimation formulae are outlined in Section 2.4 and variance estimation is
discussed in Section 2.5.
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2.1. Model Mt

Model Mt assumes that the capture probability for all animals in the kth sample
is ek for k = 1; 2; : : : ; t. Given the capture histories over the �rst k − 1 samples, uk is
a binomial random variable with parameters (N −Mk) and ek , and mk is a binomial
random variable with parameters Mk and ek . For each sample k, construct the following
unbiased estimating functions (m1 = 0, M1 = 0):

gk =
[
g1k
g2k

]
=
[
uk − (N −Mk)ek
mk −Mkek

]
:

For model Mt , we have � = (N; e1; e2; : : : ; et) ≡ (N; e). The matrix Dk and Vk de�ned
in (1.1) become

Dk = Ec

[ @g1k
@N

@g1k
@e

@g2k
@N

@g2k
@e

]
; Vk =

[
varc(g1k) covc(g1k ; g2k)

covc(g1k ; g2k) varc(g2k)

]
: (2.1)

Note that Dk is a matrix with dimension 2 × (t + 1). Substituting varc(g1k) =
(N − Mk)ek(1 − ek); varc(g2k) = Mkek(1 − ek) and covc(g1k ; g2k) = 0 (uk and mk are
conditionally independent) into the above, we obtain the following t + 1 equations
for g:
Equation for N :

t∑
k=1
[(N −Mk)(1− ek)]−1[uk − (N −Mk)ek ] = 0; (2.2a)

Equation for ek :

nk − Nek = 0; k = 1; 2; : : : ; t: (2.2b)

From (2.2b), we have ek = nk=N and Eq. (2.2a) is then equivalent to
t∑
k=1
[(N −Mk)(N − nk)]−1[Mkuk − (N −Mk)mk ] = 0:

The above equation was �rst derived by Yip (1991), who expressed Mkuk−(N−Mk)mk
as a martingale di�erence and [(N −Mk)(N − nk)]−1 as the optimal weight associated
with that martingale di�erence.

2.2. Model Mb

For model Mb, the two unbiased estimating functions are g1k =uk − (N −Mk)p and
g2k = mk −Mk�p. Therefore, equations in (1.1) are
Equation for N :

t∑
k=1
[(N −Mk)(1− p)]−1[uk − (N −Mk)p] = 0; (2.3a)

Equation for p:
t∑
k=1
[p(1− p)]−1[uk − (N −Mk)p] = 0; (2.3b)
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Equation for �:
t∑
k=1
[�p(1− �p)]−1[mk −Mk�p] = 0: (2.3c)

The constants �p, 1 − �p, p and 1 − p in the denominators of the above equations
can be removed without a�ecting the solution. The third equation is used to estimate
the recapture probability only. The �rst two equations, which are identical to those in
Lloyd (1994), are jointly used to solve for N and p. See Lloyd (1994) for details and
the e�ciency comparison.

2.3. Model Mtbh and other special cases

We �rst de�ne the sample coverage. The sample coverage Ck is de�ned as the
proportion of the total heterogeneous probabilities that is associated with the captured
animals in samples 1 to k. That is, Ck can be expressed as

Ck =
N∑
i=1
pi I

[
k∑
j=1
Xij ¿ 0

]/
N∑
i=1
pi: (2.4)

Note that for models without heterogeneity (i.e., p1 = p2 = · · · = pN ), Ck reduces to
Mk+1=N . It can be shown under heterogeneous models that for k¿1, (C0 ≡ 0)

Ec(uk) = (1− Ck−1)
(
N∑
i=1
pi

)
ek = (N − NCk−1) �pek ;

Ec(mk) = Ck−1

(
N∑
i=1
pi

)
�ek = (NCk−1)� �pek :

If NCk−1 is treated as a function of N , we can only estimate the confounded multi-
plicative e�ect of N �pek and would not be able to separately estimate the parameter N
and �pek . Noting that in models without heterogeneity, NCk−1 =Mk , in heterogeneous
models we were motivated to express the quantity NCk−1 as a sum of Mk and other
parameters (e.g., CV, the behavioral e�ect and=or the relative time e�ects). Therefore,
we de�ne �k = �pek , M∗

1 = 0, M
∗
k =NCk−1 for k¿2, and construct unbiased estimating

functions for each sample k:

gk =
[
g1k
g2k

]
=
[
uk − (N −M∗

k )�k
mk −M∗

k ��k

]
: (2.5)

Given the capture data of the �rst k − 1 samples, we have
covc(g1k ; g2k) = 0;

varc(g1k) = (1− Ck−1)
(
N∑
i=1
pi

)
ek − (1− C′

k−1)
(
N∑
i=1
p2i

)
e2k ;

varc(g2k) = Ck−1

(
N∑
i=1
pi

)
�ek − C′

k−1

(
N∑
i=1
p2i

)
�2e2k ;
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where

C′
k =

N∑
i=1
p2i I

[
k∑
j=1
Xij ¿ 0

]/
N∑
i=1
p2i :

As indicated in Liang and Zeger (1995), even if the weight function is mis-speci�ed,
the consistency of the solution based on unbiased estimating functions remains valid.
Since both variances are used only as the weight function in (1.1) and generally have
little impact on the inference, they can be simpli�ed to render the problem analytically
tractable. Here we suppose Ck ≈ C′

k for all k so that

varc(g1k) = (N − NCk−1)�k [1− (1 + 2)�k ]; (2.6a)

varc(g2k) = NCk−1��k [1− (1 + 2)��k ]: (2.6b)

For the moment we assume that the M∗
k and CV are known. Based on (1.1), (2.5) and

(2:6), the optimal estimating equations of (1.1) are the following:
Equation for N :

t∑
k=1

uk − (N −M∗
k )�k

(1− Ck−1)[1− (1 + 2)�k ] = 0; (2.7a)

Equation for �:
t∑
k=1

mk −M∗
k ��k

[1− (1 + 2)��k ] = 0; (2.7b)

Equation for �k :

uk − (N −M∗
k )�k

[1− (1 + 2)�k ] +
mk −M∗

k ��k
[1− (1 + 2)��k ] = 0; k = 1; 2; : : : ; t: (2.7c)

The constants 1=N , 1=� and 1=�k are, respectively, dropped in (2.7a)–(2.7c) with-
out a�ecting the solution. From the equation for �k , we can express �k in terms of �
and N :

�k = �k(�; N ) =
Ak − [A2k − 4N�nk(1 + 2)]1=2

2N�(1 + 2)
; (2.7c′)

where

Ak = Ak(�; N ) = N + �nk(1 + 2) + (�− 1)[NCk−1 − (1 + 2)mk ]: (2.8)

For models with time-varying e�ects, (2.7c) implies that (2.7a) and (2.7b) are equi-
valent to
Equation for N :

t∑
k=1

M∗
k (�uk + mk)− Nmk

(1− Ck−1)[1 + (�− 1)Ck−1 − �(1 + 2)�k ] = 0; (2.9a)

Equation for �:
t∑
k=1

M∗
k (�uk + mk)− Nmk

[1 + (�− 1)Ck−1 − �(1 + 2)�k ] = 0: (2.9b)
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Now we can treat other models as special cases of model Mtbh:

• Model Mtb: substitute M∗
k =Mk , �p=1, �k=ek , 

2=0 into (2.7a)–(2.7c), the system
of equations reduce to
Equation for N :

t∑
k=1

uk − (N −Mk)ek
(N −Mk)(1− ek) = 0; (2.10a)

Equation for �:

t∑
k=1

mk −Mk�ek
(1− �ek) = 0; (2.10b)

Equation for ek :

uk − (N −Mk)ek
(1− ek) +

mk −Mk�ek
(1− �ek) = 0; k = 1; 2; : : : ; t: (2.10c)

Eq. (2.10c) or (2.7c′) reduces to

ek = ek(�; N ) =
Ak − (A2k − 4N�nk)1=2

2N�
; (2.10c′)

where Ak =Ak(�; N )=N +�nk +(�− 1)(Mk −mk). Equations (2.9a) and (2.9b) then
become
Equation for N :

t∑
k=1

Mk(�uk + mk)− Nmk
(N −Mk)[N + (�− 1)Mk − N�ek ] = 0; (2.11a)

Equation for �:

t∑
k=1

Mk(�uk + mk)− Nmk
[N + (�− 1)Mk − N�ek ] = 0; (2.11b)

where ek = ek(N; �) is given in (2.10c′). The above estimating equations (2.11a) and
(2.11b) are identical to those derived in Lloyd (1994), but he used ek = uk=(N −Mk)
which is di�erent from the optimal choice of (2.10c′).
For the special case of model Mt , it follows from (2.10c′) that ek = nk=N as in

(2.2b), and observe that (2.10a) is identical to (2.2a). For the special model of model
Mb, we let e1 = e2 = · · · = et ≡ p in the derivation of Mtb. The resulting estimating
equation is equivalent to summing the t equations in (2.10c) into one equation for p.
It is clear that the resulting equations are equivalent to (2:3).
For models without heterogeneity (Mt ;Mb and Mtb), the usual maximum-likelihood

estimator exists under the assumption that the recapture probabilities bear a constant
relationship to the initial probabilities in model Mtb. Lloyd (1994) established the
asymptotic equivalence of the proposed estimator and the MLE for models Mt and
Mb when the population size is large. Chao et al. (2000) extends Lloyd’s result to



A. Chao et al. / Journal of Statistical Planning and Inference 92 (2001) 213–232 221

model Mtb. For �nite sizes, simulation results in Chao et al. (2000) have shown that
both estimates are generally comparable. An obvious advantage of our approach is that
it can be extended to heterogenous populations where the MLE usually does not exist.

• Model Mbh: let �1=�2= · · ·=�t ≡ �p in the derivation of model Mtbh. The resulting
equation for �p is equivalent to that by summing over k in (2.7c). This yields
Equation for N :

t∑
k=1

uk − (N −M∗
k ) �p

(1− Ck−1) = 0; (2.12a)

Equation for �:
t∑
k=1
(mk −M∗

k � �p) = 0; (2.12b)

Equation for �p:
t∑
k=1

{
uk − (N −M∗

k ) �p
[1− (1 + 2) �p] +

mk −M∗
k � �p

[1− (1 + 2)� �p]
}
= 0: (2.12c)

The constants [1 − (1 + 2) �p] and [1 − (1 + 2)� �p] have been removed in the
denominators of (2.12a) and (2.12b), respectively, without a�ecting the solution.
From (2.12c), we obtain

�p= �p(�; N ) =
A− [A2 − 4tN�(∑t

k=1 nk)(1 + 
2)]1=2

2tN�(1 + 2)
; (2.12c′)

where

A= A(�; N ) = tN + �(
t∑
k=1
nk)(1 + 2) + (�− 1)

t∑
k=1
[NCk−1 − (1 + 2)mk ]:

• Model Mth: remove the equation for � and substitute �=1 into (2.7c). The resulting
equations are:
Equation for N :

t∑
k=1

uk − (N −M∗
k )�k

(1− Ck−1)[1− (1 + 2)�k ] = 0; (2.13a)

Equation for �k :

�k = nk=N; k = 1; 2; : : : ; t: (2.13b)

Substituting �k = nk=N into (2.13a) yields
Equation for N :

t∑
k=1

M∗
k nk − Nmk

(1− Ck−1)[N − (1 + 2)nk ] = 0;

which is equivalent to (2.9a) with �= 1.
• Model Mh: either take the equations for model Mbh, omitting Eq. (2.12b) for �, or
use those for model Mth, setting �1 = �2 = · · ·= �t = �p and summing Eqs. (2.13b)
into a single equation. We have
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Equation for N :

t∑
k=1

uk − (N −M∗
k ) �p

(1− Ck−1) = 0; (2.14a)

Equation for �p:

�p=
t∑
k=1
nk=(tN ): (2.14b)

Substituting (2.14b) into (2.14a), we obtain an explicit estimator for N in terms of
the other quantities involved.

2.4. Estimation of M∗
k , Ck−1 and CV for heterogeneous models

For models without heterogeneity, we have M∗
k = Mk; Ck−1 = Mk=N and CV = 0.

Thus the estimating equations are those described above. For models with heterogeneity,
however, the three quantities (M∗

k ; Ck−1 and CV) need to be estimated or expressed
as functions of N and �. In this section, we only list the resulting formulae without
giving the proofs.

• Model Mh:

Ĉk−1 = 1− f1k
/

k∑
i=1
ni;

M̂
∗
k =Mk + f1; k−1̂

2
h;

̂2h =max

{
N̂ 0t

∑t
k=1 k(k − 1)fkt

(t − 1)(∑t
k=1 kfkt)

2
− 1; 0

}

where N̂ 0 =Mt+1

/[
1− f1t

/(
t∑
k=1
kfkt

)]
:

• Model Mth:

Ĉk−1 = 1− uk=nk ;

M̂
∗
k =Mk + f1; k−1̂

2
th ;

̂2th = max

{
N̂ 0

∑t
k=1 k(k − 1)fkt

(2
∑

j¡k njnk)
− 1; 0

}

where N̂ 0 =Mt+1

/[
1− f1t

/(
t∑
k=1
kfkt

)]
:
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• Model Mbh:

Ĉk−1 = Ĉk−1(�) = 1− uk=(uk + mk=�);

M̂
∗
k =Mk + (k − 1)uk−1̂2bh ;

̂2bh = ̂
2
bh(�) = max

{
N̂ ht

∑t
k=1 [k(k − 1)fkt + 2(�− 1)(k − 1)fkt]
(t − 1)[∑t

k=1(mk + �uk)]
2 − 1; 0

}
;

where N̂ h is a simple estimator valid under model Mh, i.e., N̂ h = [Mt+1 + f1t ̂
2
h]=

[1− f1t =(
∑t

k=1 kfkt)].
• Model Mtbh:

Ĉk−1 = Ĉk−1(�) = 1− uk=(uk + mk=�);

M̂
∗
k =Mk +

[
k−1∑
j=1
�̂j; k−1

]
uk−1̂

2
tbh ;

̂2tbh = ̂
2
tbh(�)=max

{
N̂ bh

∑t
k=1 [k(k − 1)fkt + 2(�− 1)(k − 1)fkt]

[
∑t

k=1(mk + �uk)]
2 −∑t

k=1(mk + �uk)
2

− 1; 0
}
;

where N̂ bh is a simple estimator valid under model Mbh. Here �j;k−1 = ej=ek−1
denotes the unknown relative time-e�ect of sample j to sample k − 1. A convenient
estimator of �j;k−1 = ej=ek−1 as a function of � is

�̂j; k−1 = �̂j; k−1(�) = (uj + mj=�)=(uk−1 + mk−1=�):

Remark 1 (Computational algorithm). We use model Mtbh as an illustration. Given
an initial value of (N; �), we can compute numerical estimates of Ĉk−1; M̂

∗
k ; ̂tbh

as well as �k as that given in (2.7c′). The numerical “optimal weights”, i.e., the
denominators in (2.7a) and (2.7b) or (2:9), are subsequently calculated. Eqs. (2.7a),
(2.7b) or (2:9) then become linear equations in (N; �). Thus a second value of (N; �)
can easily be obtained. The iterative steps continue until convergence. If the resulting
estimate is less than the number of distinct animals caught (that is, Mt+1), then the
estimate is replaced by Mt+1.

Remark 2 (Motivation for the formula of M̂
∗
k ). The basic motivation for using M̂

∗
k=

Mk + f1; k−1̂
2
h for models Mh and Mth is the following: If there exists a constant �

such that {�p1; �p2; : : : ; �pN} is a random sample from a gamma distribution, then it
can be shown that for a known CV, we have N−1{M∗

k − (Mk + f1; k−12)} → 0 with
probability 1 for all k = 2; : : : ; t as N becomes large. If an estimated CV is used, then
bias may be introduced. Similarly, for model Mbh we can also verify under the same
condition that N−1{M∗

k − [Mk + (k − 1)uk−12]} → 0 with probability 1. For model
Mtbh, the conclusion holds only when all ej’s are approximately equal. For unequal
time e�ects, an additional source of bias is induced.
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Remark 3 (The estimation of CV ). All the CV estimators given above are calculable
from data or in terms of the parameter � which can be found in the iterative steps. We
can consider alternative estimators which are also functions of the parameter N . For
example, in the most widely used heterogeneous model Mh, the CV estimator given
above is derived based on the following equality:

2 =
Nt

∑t
k=1 k(k − 1)E(fkt)

(t − 1)[E(∑t
k=1 kfkt)]

2 − 1:

We could regard N in the above as an unknown parameter in the estimation proce-
dure and obtain the resulting estimate by iterations, but this would generally result in
increased variance.

2.5. Variance estimators and con�dence intervals

The bootstrap procedure (Efron and Tibshirani, 1993) has been applied to capture–
recapture sampling by Buckland (1984), Buckland and Garthwaite (1991) and Norris
and Pollock (1996). We adopt a non-parametric bootstrap to estimate the variance of
our population size estimator. The capture histories {Z! |! ∈ 
}, where 
 denotes
the collection of all subsets of {1; 2; : : : ; t} and z∅ (∅ is an empty set) denotes the
missing cell, are approximately distributed as a multinomial distribution; see Darroch
et al. (1993).
Suppose that we want to obtain a bootstrap variance for any estimator N̂ on the basis

of given observable capture histories {Z! |! ∈ 
 \ ∅}. A bootstrap sample {Z∗
! |! ∈


} is generated from a multinomial distribution with cell total N̂ and cell probabilities
Z!=N̂ for any observable cell and 1−∑

Z!=N̂ for the missing cell. Then based on the
generated observed data {Z∗

! |! ∈ 
 \ ∅}, a bootstrap estimate can be obtained. After
B replications, the bootstrap variance estimator of N̂ is simply the sample variance
of those B bootstrap estimates. A log-transformation suggested by Burnham (Chao,
1987) can then be used to construct an associated con�dence interval based on the
estimated bootstrap variance. The performance of the bootstrap variance estimator and
the con�dence interval will be discussed in Section 4.

3. Deer mouse example

The deer mouse data were originally collected by S. Ho�man and are described and
analyzed in Otis et al. (1978, p. 93). Detailed capture information was given as an ex-
ample in program CAPTURE (Rexstad and Burnham, 1991). Trapping was conducted
on �ve days and 110 distinct mice were caught. The numbers of captures for the �ve
samples are (n1; n2; : : : ; n5)=(37; 54; 58; 65; 69) and of new captures are (u1; u2; : : : ; u5)=
(37; 31; 9; 21; 12). Hence we have (M2; M3; : : : ; M6)=(37; 68; 77; 98; 110). The frequency
counts in the �ve samples are (f15; f25; : : : ; f55) = (34; 20; 28; 15; 13).



A. Chao et al. / Journal of Statistical Planning and Inference 92 (2001) 213–232 225

Table 1
Various estimates for the deer mouse data

Model Estimator N̂ s.e.(N̂ ) 90% C. I. of N �̂ ̂

Mb MLE 142 16.4 (124, 181) 2.38 —
(2:3) 140 21.7 (120, 197) 2.36 —

Mtb (2:10) 152 32.9 (125, 231) 2.87 —

Mh Jackknife 156 16.3 (136, 191) — —
(2:14) 119 5.0 (114, 131) — 0.51

Mth Sample coverage I 136 9.2 (125, 155) — 0.53
Sample coverage II 129 8.0 (119, 147) — 0.48
(2:13) 118 5.8 (113, 133) — 0.53

Mbh Generalized removal 142 16.4 (124, 181) 2.38 —
Jackknife 158 15.3 (139, 190) — —
(2:12) 125 11.8 (115, 157) 1.43 0.44

Mtbh (2:7) 123 38.7 (111,267) 1.03 0.52

Otis et al. (1978) concluded that for these data behavior is the strongest factor af-
fecting capture probabilities. The model selection procedure in Otis et al. (1978) shows
that the most likely model is model Mtbh and model Mb is the next most likely model.
All the models with behavior e�ects and=or heterogeneity as well as the associated es-
timates are presented in Table 1. The MLE for model Mb and the generalized removal
estimator for model Mbh (Otis et al., 1978) yield the same estimate of 142 with an
asymptotic s.e. of 16.4. Two jackknife estimators are given: the interpolated jackknife
estimator (Burnham and Overton, 1978) for model Mh, and the one proposed for
model Mbh in Pollock and Otto (1983). The two estimates of population size based
on the sample coverage approach proposed in Lee and Chao (1994) for model Mh are
close to those for model Mth. Hence only results for model Mth are shown. There are,
of course, other approaches (e.g., log-linear models, mixture models and the Bayesian
approach among others) that can be used to estimate population size under hetero-
geneous models. We remark that in the log-linear model approach (Agresti, 1994;
Cormack, 1989; Darroch et al., 1993), quasi-symmetric models are usually �tted to
the observable capture history data and extrapolated to the missing cell. However, the
�tting was not stable and the estimate was not comparable to others probably because
of too many small cells in this data set.
The estimated s.e.’s in Table 1 were, except for the MLE and generalized re-

moval estimator, obtained by generating 2000 bootstrap replications which subsequently
were used to construct 90% con�dence intervals based on the estimated variance. A
log-transformation was applied to all estimation methods to obtain con�dence intervals
where the lower limit is always greater than the number of distinct mice caught in the
experiment (that is, 110).
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If model Mtbh is assumed, Lee’s (1996) conditional sample coverage approach pro-
duces an estimate of 277 with a large estimated standard error of 107 as there is
insu�cient conditional information. Solving the system of equations (2:7) shows that
our proposed estimator yields an estimate of 123 with an estimated bootstrap s.e. of
38.7. The con�dence interval associated with our estimate under model Mtbh is un-
avoidably longer than others in Table 1 because of the estimation of more parameters.
It is interesting to note that the estimates for the behavioral e�ect and heterogeneity

e�ect vary greatly between the models. If only the behavioral e�ect is allowed in the
model, then there is strong evidence for a trap-happy response. However, if hetero-
geneity and time e�ects are also considered in the model, the relatively large value
of the CV (0.52) shows strong heterogeneity and the behavioral e�ect becomes less
evident (�̂ = 1:03). Since the most likely model suggested by Otis et al. (1978) is
model Mtbh and these data include a relatively high proportion of captures and re-
captures to estimate all e�ects, the estimate associated with the most general model
Mtbh merits consideration. A program written in C language which calculates all the
proposed estimators may be obtained from the �rst author upon request and will be
available soon on the website http:==www.stat.nthu.edu.tw= ∼chao=.

4. Simulation study

A simulation study was carried out to investigate the performance of the proposed
estimators. For models without heterogeneity, Chao et al. (2000) have shown that the
proposed estimator is asymptotically equivalent to the MLE. Therefore, we focus on
heterogeneous models here. We concentrate on the two models Mh and Mth as there
are more estimators available for our comparisons. The results are given in Tables 2
and 3, respectively. A more extensive simulation study for the most general model will
be reported elsewhere.
The true population size (N ) was �xed to be 400 and t=5 was chosen. The capture

probabilities were randomly sampled from a beta distribution. The 10 beta distributions
are arranged in increasing order of the value of the CV which varies from 0.2 to 0.7.
The multiplicative time e�ects were selected as (e1; : : : ; e5)= (0:9; 0:8; 0:65; 0:8; 0:9) for
model Mth. Before the generation of each set of data, a set of 400 random variants
was �rst generated from a speci�ed beta (�; �) distribution as the capture probabilities
{p1; p2; : : : ; pN}. Then they were kept �xed through the simulation. Their averages and
values of the CV are also given in the two tables. For each trial, 200 data sets were
generated. For each randomly generated data set, the following estimators were also
calculated:

N̂ t : the MLE under model Mt ; see Seber (1982, p. 131). The estimator N̂ t satis�es

1−Mt+1 =
t∏
i=1
(1− ni=N ).

N̂ jk : the widely used interpolated jackknife estimator proposed by Burnham and
Overton (1978). This estimator is a linear function of the capture frequencies.
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Table 2
Comparison of various estimators for model Mh

a

Trial Estimator Average Sample Average Sample Bootstrap C.I.
estimate s.e. bootstrap s.e. RMSE coverage (%)

Beta (10, 10) N̂ t 392 4.9 3.9 9.6 70.5
�p = 0:492 N̂ jk 428 21.7 20.4 35.2 11.0
CV = 0:223 N̂ sc 399 7.3 6.9 7.3 94.0
Mt+1 = 381 N̂ h 403 6.5 6.7 6.9b 91.0

Beta (10, 20) N̂ t 383 9.2 8.7 19.0 64.5
�p = 0:341 N̂ jk 441 13.4 18.7 43.2 12.5
CV = 0:262 N̂ sc 403 15.1 14.9 15:4b 93.0
Mt+1 = 341 N̂ h 407 14.2 14.8 16.0 92.5

Beta (5, 5) N̂ t 384 5.0 3.5 17.1 6.5
�p = 0:499 N̂ jk 429 12.3 16.4 31.5 26.5
CV = 0:306 N̂ sc 397 7.7 7.5 8.3 93.5
Mt+1 = 374 N̂ h 398 6.9 6.9 7:2b 95.0

Beta (5, 8) N̂ t 375 8.2 6.6 26.4 17.5
�p = 0:381 N̂ jk 434 11.8 16.0 35.9 23.0
CV = 0:340 N̂ sc 397 12.7 12.7 13.0 94.5
Mt+1 = 348 N̂ h 400 11.7 12.0 11:7b 96.5

Beta (4, 8) N̂ t 367 9.8 8.4 34.7 12.0
�p = 0:333 N̂ jk 430 19.3 21.8 35.7 70.5
CV = 0:385 N̂ sc 396 16.4 16.0 17.0 93.5
Mt+1 = 328 N̂ h 399 14.7 15.0 14:8b 95.5

Beta (3, 5) N̂ t 358 8.0 6.6 42.6 0
�p = 0:362 N̂ jk 422 17.5 19.5 27.8 80.0
CV = 0:434 N̂ sc 388 14.9 13.9 19.0 88.0
Mt+1 = 332 N̂ h 389 12.8 12.7 17:0b 90.5

Beta (3, 10) N̂ t 335 15.4 13.4 66.6 3.0
�p = 0:230 N̂ jk 432 38.4 35.6 50.1 72.5
CV = 0:518 N̂ sc 383 26.5 25.6 31.3 89.5
Mt+1 = 268 N̂ h 384 23.4 24.3 28:3b 90.5

Beta (1, 1) N̂ t 339 6.3 2.4 61.3 0
�p = 0:492 N̂ jk 394 14.2 16.6 15:3b 95.0
CV = 0:577 N̂ sc 368 10.0 9.0 34.0 19.5
Mt+1 = 335 N̂ h 361 8.6 7.4 40.3 2.5

Beta (2, 10) N̂ t 316 19.6 19.6 86.7 7.5
�p = 0:165 N̂ jk 411 29.4 32.1 31:3b 94.0
CV = 0:573 N̂ sc 367 32.4 35.1 46.2 88.0
Mt+1 = 218 N̂ h 369 29.3 35.9 42.8 94.5

Beta (0.5, 0.5) N̂ t 300 5.4 1.3 99.9 0
�p = 0:507 N̂ jk 351 20.1 18.3 53:3b 48.5
CV = 0:713 N̂ sc 322 8.5 7.1 78.7 0
Mt+1 = 300 N̂ h 312 6.9 5.2 88.2 0
aN=400; 200 simulation runs, 500 bootstrap replications, N̂ t : the MLE under modelMt ; N̂ jk : the interpolated
jackknife estimator; N̂ sc: an estimator based on sample coverage approach; N̂ h: the proposed estimator under
model Mh, see Eq. (2:14).
bDenotes the smallest RMSE.



228 A. Chao et al. / Journal of Statistical Planning and Inference 92 (2001) 213–232

Table 3
Comparison of various estimators for model Mth

a

Trial Estimator Average Sample Average Sample Bootstrap C.I.
estimate s.e. bootstrap s.e. RMSE coverage (%)

Beta (10, 10) N̂ t 390 7.0 6.5 12.3 78.5
�p = 0:492 N̂ jk 446 10.5 15.7 46.8 6.0
CV = 0:223 N̂ sc 403 11.0 11.3 11.5 91.5
Mt+1 = 362 N̂ th 406 8.6 10.4 10.4a 90.5

Beta (10, 20) N̂ t 383 13.5 12.7 21.8b 76.0
�p = 0:341 N̂ jk 452 33.5 32.0 62.1 55.5
CV = 0:262 N̂ sc 412 21.7 21.6 24.9 88.5
Mt+1 = 314 N̂ th 416 18.9 19.8 24.5 86.5

Beta (5, 5) N̂ t 380 6.9 5.9 21.7 21.0
�p = 0:499 N̂ jk 436 10.8 15.2 37.5 15.5
CV = 0:306 N̂ sc 398 11.7 11.2 11.8 95.0
Mt+1 = 357 N̂ th 399 9.9 10.1 9.9b 96.0

Beta (5, 8) N̂ t 372 11.0 9.9 29.9 36.0
�p = 0:381 N̂ jk 436 22.9 24.9 42.5 65.0
CV = 0:340 N̂ sc 401 18.0 17.8 18.0 92.5
Mt+1 = 324 N̂ th 403 15.8 16.0 16.1b 94.0

Beta (4, 8) N̂ t 361 11.9 11.7 40.9 20.5
�p = 0:333 N̂ jk 436 33.3 32.2 48.8 75.0
CV = 0:385 N̂ sc 398 21.4 21.7 21.5 95.0
Mt+1 = 300 N̂ th 396 18.3 18.9 18.7b 96.0

Beta (3, 5) N̂ t 356 11.7 9.9 45.6 6.5
�p = 0:362 N̂ jk 427 28.6 28.1 39.1 83.5
CV = 0:434 N̂ sc 393 19.1 19.4 20.2 94.5
Mt+1 = 308 N̂ th 392 17.3 16.9 18.9b 95.0

Beta (3, 10) N̂ t 334 18.5 18.2 68.4 15.5
�p = 0:230 N̂ jk 437 32.7 33.8 49.7 70.0
CV = 0:518 N̂ sc 389 32.6 33.7 34.5 95.5
Mt+1 = 241 N̂ th 385 28.5 29.1 32.1b 92.5

Beta (1, 1) N̂ t 332 7.1 4.1 68.8 0
�p = 0:492 N̂ jk 397 21.8 20.5 22.1b 91.5
CV = 0:577 N̂ sc 362 12.3 11.2 40.1 19.5
Mt+1 = 310 N̂ th 359 10.5 9.5 42.5 9.5

Beta (2, 10) N̂ t 309 23.1 25.7 93.8 17.5
�p = 0:165 N̂ jk 390 25.6 29.0 27.4b 98.0
CV = 0:573 N̂ sc 376 45.9 46.7 51.8 92.0
Mt+1 = 191 N̂ th 367 33.8 39.4 47.2 92.5

Beta (0.5, 0.5) N̂ t 292 6.0 2.4 108.6 0
�p = 0:507 N̂ jk 341 16.6 18.1 61.6b 32.0
CV = 0:713 N̂ sc 314 9.5 8.1 86.3 0
Mt+1 = 288 N̂ th 307 8.0 6.3 93.3 0
aN=400, 200 simulation runs, 500 bootstrap replications, N̂ t : the MLE under modelMt ; N̂ jk : the interpolated
jackknife estimator; N̂ sc: an estimator based on sample coverage approach; N̂ th: the proposed estimator under
model Mth, see Eq. (2:13).
bDenotes the smallest RMSE.
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N̂ sc: a population size estimator based on the sample coverage method proposed by
Chao et al. (1992) and Lee and Chao (1994). This estimator takes the form of
N̂ sc = (Mt+1 + f1t ̂

2)=Ĉt , where Ĉt = 1− [f1t − f2t =(t − 1)]=
∑t

k=1 kfkt and the
CV estimator (i.e., ̂) under models Mh and Mth is provided in Lee and Chao
(1994). Here the estimator Ĉt is an average of the two previous estimators
derived in Lee and Chao (1994).

N̂ h: the proposed estimator under model Mh; see Eq. (2:14).
N̂ th: the proposed estimator under model Mth; see Eq. (2:13).

The two estimators N̂ h and N̂ th behave very similarly. Therefore, we only report one
of them in each table. Iterative procedures, which converged in all the data sets that
we generated, were required to �nd N̂ th. Bootstrap standard error estimates and 95%
con�dence intervals (using a log-transformation) were calculated using 500 replications
for each data set. The resulting 200 estimates and their bootstrap estimated standard
errors were averaged to give the results “average estimate” and “average bootstrap s.e.”.
The sample standard deviation as well as the sample root-mean-squared error (RMSE)
were also obtained based on these 200 estimates. The percentage of data sets in which
95% con�dence intervals cover the true value is shown in the last column of each
table. We also list the average value of Mt+1 (number of distinct animals captured)
for each trial.
As indicated in many previous studies, the estimator N̂ t without considering het-

erogeneity consistently underestimates and the magnitude of the bias increases as
the CV becomes large. Although it has small RMSE when the CV is relatively small,
the coverage probabilities of the associated con�dence intervals are much lower than
the nominal level. When the CV is large, the estimated coverage probabilities are 0 in
some cases, i.e., none of the intervals cover the true parameter.
The jackknife estimator has been found to be the most robust method for estimating

heterogeneous populations (Otis et al., 1978; Pollock and Otto, 1983). For the case
of �ve trapping samples and beta-type heterogeneity, it generally yields positive biases
when a relative large proportion of animals is caught as in the �rst few cases examined.
On the other hand, it is biased downwards when there are un-trappable animals, e.g.,
beta (0.5, 0.5). As noted in Chao et al. (1992), the jackknife works relatively well
when the capture proportion is low as in the case of beta (2, 10). In the last three trials,
the jackknife has the smallest RMSE when other estimators perform unsatisfactorily.
See the discussion below.
Both tables show that our proposed estimators and the estimator using the sample

coverage method generally exhibit comparable biases. Our estimators are more precise
since they have a smaller s.e. in all cases. The proposed estimator N̂ h or N̂ th usually
is preferable in terms of RMSE except for the last three trials.
For both estimators, the bootstrap estimate of the s.e.’s is quite close to the sample

s.e. The 95% con�dence intervals associated with N̂ h or N̂ th cover the true parameter
about 87–97% of the time except for the cases of the uniform (0,1) and beta (0.5,
0.5) trials. These are the two cases where both our point and interval estimators fail
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to work. In such cases, our estimators exhibit negative bias and the largest coverage
probability for the 95% con�dence intervals can only reach 10%. Note that the density
function of a beta (�; �), 0¡�; �¡ 1 and of the uniform (0,1) does not vanish near
0, which means that there are animals with very small capture probabilities. That
portion of the population is almost un-catchable in the data. We feel in these extreme
cases that the data cannot contain su�cient information to estimate the population size
well. Consequently, what we can estimate is essentially the number of “catchable” or
“trappable” animals rather than the size of the whole population. Therefore, especially
in the case of beta (0.5, 0.5) where the density goes up to in�nity near 0, no methods
seem to work properly, although the jackknife yields the smallest RMSE.
We remark that a relatively large amount of data is needed for our approach. If

catchability is low as in the case of beta (2, 10), where the density does vanish near
0, large variation is unavoidable, although the associated con�dence interval covers the
parameter at the anticipated level. Therefore, when there is enough capture information
and the number of un-catchable animals is negligible, our approach can provide more
precise and reliable estimates for the beta-type heterogeneity.

5. Summary and discussion

For a sequence of closed models we have developed a uni�ed approach for estimating
population size based on estimating functions. An optimal property is that the resulting
estimator has the smallest asymptotic variance in the class of weighted combinations
of the capture data of all trapping samples. Our approach produces estimators for
all models including the most complex one with time-varying, behavior response and
heterogeneity e�ects.
Stanley and Burnham (1998) recently modi�ed the model averaging approach

(Buckland et al. 1997) and proposed an estimator averaging over all competing es-
timators. Therefore, having estimators for all possible models in a uni�ed way as we
have proposed would be also useful in the applications of the estimator averaging
method.
As indicated in Section 2, our approach sequentially considers the information from

each sample with a weight depending on the previous samples. Therefore, the resulting
estimators do depend on the temporal order of the samples. This is not unreasonable
because capture–recapture experiments for animals are usually conducted in sequential
order. For example, the Schnabel’s estimator (Seber, 1982, p. 139) varies with the
order in which the samples are taken. Moreover, models with behavioral e�ects (Mb,
Mbh and Mtbh) implicitly consider temporal order in the models as well. In the sim-
plest model Mb (or equivalently, the removal model), the MLE of the �rst-capture
probability is Mt+1=(tN −∑t

k=1Mk) where
∑t

k=1 Mk =
∑t−1

i=1 (t − i)ui clearly depends
on the order of the samples. Thus the MLE of population size is not invariant under a
permutation of the samples. Seber and Whale (1970) derived a necessary and su�cient
condition for the existence of the MLE. The condition is reduced to u1¿u2 for two
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samples and u1¿u3 for three samples. Apparently, these conditions also depend on
the order. Therefore, it seems intuitively justi�able that our estimators depend on the
order because of the sequential use of the optimal estimating function. The capture–
recapture models have also been applied to human populations, e.g., the ascertainment
data in epidemiology or the multiple-system data in the census undercount problem.
There is usually no temporal order for human lists in those applications, and any valid
estimator in such cases is then required to be independent of the way that the lists are
ordered.
For models without heterogeneity, our estimator is shown to be asymptotically equiv-

alent to the MLE in Chao et al. (2000). This paper extends the methodology to
the heterogeneous populations for which no MLE exists. For heterogeneous models
with=without time-varying e�ects, the simulation results have shown that our proposed
estimators work if the number of un-catchable animals is insubstantial. As shown in
the deer mouse data in Section 3, the most general model with time-varying, behavior
response and heterogeneity can be applied in practice when there is enough capture and
recapture information to allow the stable estimation of time, heterogeneity and behavior
e�ects. Further comparisons of the proposed and known approaches using simulation
studies are required. Model selection is also a worthwhile problem.
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