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BIOMETRICS 51, 128-141 
March 1995 

Quantifying the Effects of Unequal Catchabilities on Jolly-Seber 
Estimators Via Sample Coverage 

W.-D. Hwang and Anne Chao 
Institute of Statistics, 

National Tsing Hua University, 
Hsin-chu, Taiwan, 30043 

SUMMARY 

Using the concept of sample coverage, we derive an approximation of the bias in the Jolly-Seber 
population size estimators due to heterogeneity of capture probabilities. The resulting bias is 
expressed as a function of sample coverage, average capture probability, and the coefficient of 
variation of individual capture probabilities. The effect of unequal catchabilities on the Jolly-Seber 
survival rate estimators is also briefly discussed. We propose new population size estimators which 
incorporate the heterogeneity of capture probabilities. A simulation study investigates the perfor- 
mance of the approximation formulas of biases and the proposed estimation procedure. A real data 
set of male black-kneed capsids discussed in Jolly (Biometrika 52, 225-247, 1965), Seber (The 
Estimation of Animal Abundance, 1982), and Burnham (In Estimation of Analysis of Insect Popu- 
lations, pp. 416-435, 1989) illustrates the method. 

1. Introduction 
The Jolly-Seber model for estimating parameters of open populations (Jolly, 1965; Seber, 1965) has 
been the most widely used model for capture-recapture experiments. For a general review on this 
topic, see Seber (1982, 1986) and Pollock et al. (1990). This model basically assumes that there are 
(a) equal catchabilities (i.e., every animal has the same probability of capture in each sample); (b) 
equal survival rates (i.e., every marked animal has the same survival probability between two 
successive samples). 

A classic problem with this model is the effect of unequal capture probabilities on the Jolly-Seber 
estimators; this has been studied by Cormack (1972), Gilbert (1973), Carothers (1973, 1979), Nichols 
and Pollock (1983) and Nichols, Hines, and Pollock (1984). Cormack (1972) provided an intuitive 
discussion of the effects. Carothers (1973, 1979) and Gilbert (1973) used computer simulations and 
analytic expressions to conclude: (1) The biases in population size estimators resulting from 
heterogeneous capture probabilities are negative and often tend to be severe; the biases are largely 
dependent on the average capture probability and the coefficient of variation (CV) of the capture 
probability distribution. (2) The heterogeneous capture probabilities are relatively unimportant with 
respect to the population size estimators when all animals have high capture probabilities, say > .5. 
(3) The survival rate estimators are more robust with respect to heterogeneous capture probabilities. 
Nichols and Pollock (1983) indicated that the biases in survival rate estimators are generally 
negative, but can sometimes be positive. 

Although Carothers (1973) and Gilbert (1973) obtained analytic approximations of the biases of 
the Jolly-Seber estimators, their formulas cannot show how the biases depend on the average 
capture probability and CV. This work expresses theoretically the biases in the population size and 
survival rate estimators resulting from unequal catchabilities as functions of average capture 
probability and CV. The sample coverage has been used (Chao, Lee and Jeng, 1992; Lee and Chao, 
1994) to derive the effects of unequal catchabilities on population size estimators for closed models. 
We now extend it to open models. 

Our resulting theoretic biases can be used easily to explain the previous numerical findings and 
conclusions. Furthermore, it is used to propose new estimators which take account of the hetero- 
geneity of capture probabilities. 

Key words: Capture-recapture sampling; Heterogeneity; Open model; Population size; Survival 
rate. 
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Jolly-Seber Model with Unequal Catchabilities 129 

In Section 2, we list the notation. In Section 3, we present, separately for the Jolly-Seber and 
death-only models, the mathematical formula of sample coverage and its relation to population size 
estimation. We then examine the bias in population size estimators resulting from the heterogeneity 
of capture probabilities. The biases on survival rate estimators will also be discussed briefly. In 
Section 4, new estimators for population sizes via sample coverage are thus proposed. In Section 5, 
the performance of the proposed bias formulas and estimation procedures is investigated by means 
of simulations. Section 6 illustrates the method using a real data set of male black-kneed capsids 
previously discussed in Jolly (1965), Seber (1982), and Burnham (1989). 

2. Notation 

t number of samples. 
k- just before the time sample k is taken; the moment in time when sample k is taken is 

referred to as time k. 
k+ just after the time sample k is taken. 

fIl- A. 1 if n < m. 

Unknown Random Variables 

Nk population size at k-, k = 1, 2, ..., t. 
Mk number of marked animals in the population at k-, k = 1, 2, ..., t; M1 _ O. 

Ck sample coverage before sample k. 
C* (for death-only model) sample coverage after sample k. 

fk(r) number of animals surviving to k that are caught exactly r times before k+, k ? r. 
fk-(l) number of animals surviving to k- that are caught exactly once before k, k > 1. 

Parameters 

kk survival probability of all animals between k+ and (k + 1)-, k = 1, 2, ... , t - 1; 'k 0. 
Bk number of new animals entering the population between k+ and (k + 1)- and still in the 

population at time k + 1, k = 0, 1, . . ., t - 1; Bo =_ N1 or N. 
Pti) the individual effect on the capture probability of the ith animal of Bj recruitment, i = 1, 

2,..., Bj and j = 0, 1,..., t - 1. 
ek the time effect on the capture probability of sample k, k = 1, 2, ..., t. 

pt')ek the capture probability of the ith animal of Bj recruitment in sample k. 
p the average of py), i = 1, 2, ..., Bj (assume that for allj = 0, 1, ..., t - 1, the averages 

are the same, see Section 3.1). 
y the CV ofp$'), i = 1, 2, ... , Bj (assume that for all j = 0, 1, ... , t - 1, the values of CV 

are the same, see Section 3.1). 
m,, n= mm+l ... On, n ? m, the survival probability between mth and (n + 1)th sample; Om,, 

1 if n <im. 

em,n = emem?+ ... en, n ? m. 
Xk(P) probability that an animal with individual effect p surviving to k is not caught after k, see 

(3.8c). 
Xk(P) derivative of Xk(P) with respect top, see (3.8d). 

Statistics 

nk number of animals captured in sample k, k = 1, 2, ..., t. 

mk number of marked animals captured in sample k, k = 1, 2, ..., t. 
Uk number of unmarked animals captured in sample k, k = 1, 2, ..., t. 

Rk number released at k+, k = 1, 2, ... , t. 
rk number of the Rk animals that are captured again, k = 1, 2, .. , t - 1. 
Zk number of animals captured before k, not captured at k, and captured again later, k = 

2,...,t- 1. 

Zl,k number of animals captured exactly once before k, not captured at k, and captured again 
later, k =2, ...,t - 1. 

Zk number of animals not captured in sample k but are seen later. 
W(k number of animals caught exactly once after k+ and at least twice before k+. 
Fk(l) number of animals that are caught only once after k+. 
gk(r) number of animals that are caught in sample k and exactly r times before k+. 
hk(r) number of animals that are caught r times before k+, not caught in k but are seen later. 
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3. Sample Coverage and Effect of Unequal Catchabilities 
3.1 Jolly-Seber Model with Unequal Catchabilities 
Assume that there are no losses due to capture (i.e., Rk = nk for all k) and for each j = 0, 1, ... 
t - 1, the Bj new animals are indexed by 1, 2, ... , Bj. Let p$'j)ek be the capture probability of the 
ith individual of Bj new additions in sample k, i = 1, 2,..., Bj, j = 0, 1,..., t - 1, k = 1, 2,..., 
t. Here p(') denotes the individual effect which is constant over time and ek denotes time-specific 
effect of the kth sample. If p(i) p for all i and j, then this model reduces to the usual Jolly-Seber 
(time-specific) model. Clearly some constraints are needed to render the problem analytically 
tractable and to make the results interpretable. There are two types of assumption to reduce the 
number of parameters (Chao and Lee, 1992): 

(A) Regard p i) as fixed parameter, and for allj = 0, 1, .. ., t - ), i = 1, ...,Bj have the 
same mean p and CV y, that is, 

Bo B Bt-i 

p= B) B1 = 
...Bo 

= E p-l) Bt-1, 
i=l i=l i=l I 

[BO I ~~~1/2 r/ 
= (,0) -P2 0)2 [ 7 (0) p)2 Bo l |p P , (t 1 p2Bt_- ...........Ip 

(B) Assume that for any fixedj = 0, 1, ... , t - 1 Pi .. . ,PB) are a random sample from 
an unknown distribution F with mean p = f p dF(p) and CV y = [f (p _ p)2 dF(p)]1/2/p. 

In this paper, we adopt the assumption (A), but all the resulting bias formulas and proposed 
estimators are also valid under the assumption (B) using similar and parallel derivations. Note that 
under the assumption (B), if Bo, B1, . .. , Bt-1 are large enough then the assumption (A) of constant 
mean and CV is approximately fulfilled by the law of large numbers. The assumption made in 
Carothers' (1973) pioneering paper is a special case of our assumption (B). 

The value of CV measures the degree of heterogeneity of capture probabilities. If CV = 0, then 
p ') for all i, j are equal and there is no heterogeneity. The larger the CV, the heavier the degree of 
heterogeneity. The survival rates are still assumed to be time-specific. 

We now define the "sample coverage before sample k," Ck- (for notational simplicity, we will use 
Ck instead of Ck- throughout the paper) as the proportion of the total individual effects of the 
captured animals of those animals that survive to k-. That is, 

k - 1 j p( j)j the ith animal of Bj survives to k- and is l 
Ej=o E=P captured at least once in samples 1, 2, ... k- 10 

Ck = EjkZ1l E B' 1 p()j [the ith animal of Bj survives to k-] (3.1) 

where I(A) is the usual indicator function of event A. 
First notice that if pi() p for all i and], then Ck = Mk/Nk, which implies Nk = Mk/Ck. Hence 

a predictor of Nk under the equal-individual-catchability assumption is 

Nk,o = MkICk, (3.2) 

where Mk and Ck are "estimators" of Mk and Ck that are given as follows. Observe that when 
pi(i- p, we have Ck Mk/nk = mk/nk and adopt the usual Jolly-Seber estimator 
Mk = mk + RkZklrk, then 

Nk,O = Mknklmk, (3.2a) 

which is exactly the Jolly-Seber population size estimator. 
When there is variation in individual capture probabilities, define kk-1 1 and fl k-k (1 - 

pie)em) 1. We have the following expected values for k = 1, 2, ... , 

k-1 Bj 

Enk = E E j ,kP-(iek, (. 3) 
j=O i=l 

k-i1 Bj k-1 
Emk = 2 k Ij+1,k-1pi ek 1 - H (1 Pien (3.4) 

j=0 i= 1 J}=j 
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Jolly-Seber Model with Unequal Catchabilities 131 

and 

k-1 Bj k-1 

EMk= I E 9j+l,k- I (1 - 1 VPe 
]=O i=1 n=j+l) 

k-1 Bj k-1 

=ENk- E , ]j+l,k-1 Hl (1 -pi em) (3.5a) 
]=O i=1 m=j+l 

It follows from (3.1), (3.3), and (3.4) that for k = 2, ... , 

k=o Epj 
1P?Oj+?1,k-1[ 

- 
nk-n=;+, 

(1 PY)Cm)1 E 
ECk >iuk _ol i1 pYj+1 ,k-1 Enk 

Therefore, Ck = mk/nk is still valid in the heterogeneous case. However, the relation Nk = M/Ck 
is no longer valid. Thus we are motivated to find the discrepancy between EMk/ECk and ENk when 
thepi'i values are different. Letting p = (pi),P?), ... ,pBO,P1), ... ,PB), ... ,pBt-j)), we can write 
(all the derivation details are given in an unpublished technical report, available from the authors on 
request) 

EMk/ECk ENk + G(p)/[(ENk)P(ECk)], (3.6) 

where 

k-1 Bj k-1 Bj k-1 Bj 

G(p) = (ENk) O , Ij+1,k-iPV aj,j(pi1) - j l,k-1ai,,(Pi )I jk ,k-1Pi1, 
j=O i=1 Lj=O i=l J Lj=O i=1 

k-1 

ajj(piW)= H (1 -p)enm). 
n =j+l 

Expanding G(p) at p = (p, p. . , p) to the second order term, we have 

k-2 Bj 1P 
G(p) = (ENk) E E k+il,k-1 (a[ p )2 + ] 

]=O i=i =p 

where (tk denotes the remainder term. Consequently, we have 

EMk 2 Bj +l,k1FE en fl (1 -pem) + R1,k, (3.7) 

ECk ECk j=o n=j+l m=j+l 

where Rl,k denotes the remainder term. The above result (3.7) is a generalization of the conclusion 
for closed models, see Chao et al. (1992). Hence the sample coverage approach provides a unified 
procedure to quantify the effects of heterogeneity for both closed and open models. Here it is clear 
that the relative error Rl,k/ENk is independent of ENk, and numerical results have shown that 
Rl,k/ENk is generally negligible. Relevant numerical studies are discussed in Section 5. Since Mk/Ck 
is exactly the Jolly-Seber estimator, we proceed to obtain the discrepancy of EMk and EMk. An 
expansion of E(Mk - Mk) to the second order term gives 

EMk EMk + (Enk/Erk)^Y21k(Pj), (3.8a) 

where 
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k-2 k k k-1 

13k(P) = 2 Bi41? l,k-ll-1 + H1 (1 -fpem) + p en Hl (1 -Pen) IXk(p), =0 tn =j + It r =j+ 1 m=j+ 1 
L tn; m?n J 

(3.8b) 

Xk(P) = P(any animal with individual effect p surviving to k is not caught after k) 

k+2 

= (1 - Ok) + kk(l -pek+1)(1 - Ok+1) + Hk,k+l fl (1 -pe,n) (1 - Ok+2) + 
[m =k+1 

t t-k. 

+ 

Ok,t-1 Hl (1 -pem) 
= 

4)k,k-1+j fl (1 -pek+m) (1 - 
kk+j), 

(3.8c) 

t-k [ e 

-Xk(P) = 4)k,k - +j ek+n (1 -pek+,2)1 - k+j)- (3.8d) 
j=1 n=1 m=l 

Thus from (3.7) and (3.8a) an approximation formula for the bias is 

-r 2 k-2 [k-1 k-i 1 -e) (Enk)P8k(P) y2} 
ECk 1 [ =n= jl tnPjm ] (Erk)(ECk) ( 

When there are no time effects, that is, ej - 1 for all j, the above reduces to 

rfi2 
-k-2 11_pkj2 2En)8 ) 

-VC > Bj?j+ 1,k-(k 
- j )(1 F) + (E )(EC (3.9a) 

[ECk j0 (Ek(Ck)J 

These formulas show precisely how the bias depends on the average capture probability and the CV 
for given fixed Bj, 4)j, and ej values. The bias could be large especially for smallfp and large CV. In 
Section 5, we investigate the performance of the theoretic bias (3.9a) by comparing it with the 
average bias based on simulations. 

Previous studies have found that the Jolly-Seber survival rate estimator 

kk=Mk+/(Mk-mk+nk) k = 1, 2,..., t - 1 (3.10) 

exhibits only small relative bias in response to heterogeneous capture probabilities. Applying (3.3) 
to (3.5), we can easily derive that for the heterogeneous case 

EMk?+ 11E(Mk - mk + nk) = Ok, 

which explains theoretically the robustness of the survival rate estimators. However, replacing 
Mk+l Mk by Mk+l and Mk where Mk = mk + RkZkirk results in bias in the survival rate estimators. 
We can show that 

E~kk 'k= k + kIlklI1-H2?1(-fe)1 Xk(P) -1-Xk?l(P)J 

-~ 

~~ / 

2k(p [k X1(p)) 
1j=0 Oj+ 1,k- lB;[1-I z=j 1-e) 

Ok + _ __ ___ kP (I) 8k?l(I') (3.10Oa) 
E(Mtk -mk + nk) 1 - Xk(P) 1 - Xk+l(P) 

The bias term in (3.10a) is usually small, but it could be either positive or negative, which explains 
the findings of Nichols and Pollock (1983). 

We remark that for models with birth only (kk = 1 for all k) the marked population size Mk, k - 
2, 3, ... , t is known, hence an approximate bias is given by the first term of (3.9) or (3.9a). 

3.2 Death-Only Model with Unequal Catchabilities 
This model is a special case of the Jolly-Seber model by letting B1 = B2 = *a= B,_1 = 0. For 
simplicity, let Bo - N and index the animals by 1, 2, ... ., N. Assume that the individual effects on 
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Jolly-Seber Model with Unequal Catchabilities 133 

the capture probability of these N animals are pi P2' ... PN with mean p and CV y. The capture 
probability of the ith animal in the kth sample is assumed to be piek. It is also assumed that there is 
no capture loss. Define the "sample coverage after sample k" (k < t) as 

[the ith animal survives to k+ and is captured1 
Ii=i Pi at least once in samples k + 1, k + 2,..., t J 

Ck = EiN=l Pi I[the ith animal survives to k+] (3.11) 

If all pi values are equal, then C* = (rk + z4)/Nk, which implies Nk = (rk + z4)/C*. In this case, 
(rk + z4)/Nk - rk/nk. Hence if we use = rk/nk an estimator for ENk is given by 

Nk,O = nk + ZklCk = nk + nlz,/rk, (3.12) 

which is the usual population size estimator with Rk = nk* If Pi values are not equal, then 

N 

Erk = > 4 1,k _lpiek[l -Xk(Pi)], 
i=l1 

N 

Enk = > 01,k -lPiek, 

i=l1 

N 

E(rk + Z) = 0 41,k- _[1- Xk(Pi)]- 

i=l1 

From definition (3.11), it is readily seen that EC* Erk/Enk and 

E(rk + z')/EC* ENk + O1l,k-lH(p)/[NpE(Ck)], 
where 

IV N N 

H(p) = N - PiXk(Pi) K Xk(Pi) ]E Pi 

Procedures similar to those in Section 3.1 lead to 

E(rk + z) (ENk)Py2 
ENk ~ + [--P) (3.13) E(C*) E(Ck) 

where Xk(P) is defined in (3.8d). Since Xk(P) is negative and (rk + zZ)/Ct = Nk,o, we see from (3.13) 
that for the death-only model the bias of the usual estimator Nk,o is also negative. Substituting Xk(P) 

into (3.13), an approximation for the bias of Nk,O is 

(ENCe t z kkk l +jl ek1+71 (1 -pek+mn)j( - 
kk+)Lj) (3.14) 

In the special case of ej 1, the above reduces to 

(ENk)p,y2 t - k 
0 )k j(31a 

E(C') >E Ijk,k-l+J(l -P)(1 
j 

k+I). (3.14a) E(Ck) 

An approximate bias in the survival rate estimator k = Nk+ lCNk can easily be shown to be 

4^,- 1 - A'k+1(P) XX 
E+bk - Lk -Xk~+ 1) 'kkXkP)]. 
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4. New Estimator Incorporating Heterogeneity 
4.1 Death-Only Model 
For technical reason, the death-only model is discussed before the Jolly-Seber model. From (3.13), 
we can derive a new estimator incorporating heterogeneity if (ENk)P-[-Xk(P)] and CV can be 
estimated. Write from (3.8d) that 

(ENk)Fp[-Xk( p)] = (ENk+I)(pek+1)Xk+1(P) + (ENk+2)(1 -Pek+l) 

t-k-1 

(Pek+2)Xk+2(P) +** + (ENt) H (1 -pek+j) pet. 
Lj=l 

Observe that the first term (ENk+l)(pek+l)Xk+l(P) is approximately the expected number of animals 
captured in sample k + 1 but not seen later; and the second term is approximately the expected 
number of animals not captured in sample k + 1, captured in k + 2 but not seen after k + 2; similar 
interpretation can be made for other remaining terms. Hence (ENk)p[-Xk(P)] is approximately 
E(Fk(1)), the expected number of animals that are seen only once in samples k + 1, k + 2, .., t. 
We now proceed to estimate the CV. We shall only discuss the case ej 1 for all j. Let fT(r) denote 
the number of animals surviving to 7 that are caught exactly r times in samples 1, 2, ... , r. Then for 
fixed 7 and m = 1, 2, ... , we have E[Y2r=m rf(?n)T(r)] - l1,T-l(m) y I where r(m) = r(r - 1) 
(r - m + 1). It follows that 

y2=N1 E=pN21 -1 

= [(ENT) 1,T-1 > ~Pi] [1,r T- 1 p i 

= [(EN)T , r(r - 1)EfT(r) {(- 1)[, rEfT(r)] -1. (4.1) 

To obtain an estimate for y2, we must replace ENT in (4.1) by an initial estimate and also obtain an 
estimate of fT(r). From (3.12), we consider the usual estimator NTO = (rT + z4)n /rT as an initial 
estimate of ENT. Also in the equal catchability case 

n T/rT [f(r) -gT(r)]/hT(r), 

which implies an estimator 

fT(r) = gT(r) + nThT(r)/rT. (4.2) 

Therefore, we have the following estimators of the non-negative parameter y2 based on capture 
frequencies of the first 7 samples, - = 2, ... , t - 1, 

= max(T,OT 
> r(r - 1)f(r) r - 1)[ (r)] } ), 

) (4.3) 

In practice, we can select any arbitrary integer 7, 1 < r < t to estimate the CV. Since NT O in (4.3) 
uses data information from samples 7 to t, whereas fT(r) and gT(r) use data based on samples i to 7, 
an appropriate choice of 7 for estimating ENk is given by 

7 = [t/2] + 1 if k ? [t/2] + 1 

=[t/2] if k =[t/2] + 1, 

where [a] denotes the largest integer S a. We avoid the choice of 7 = k when k = [t/2] + 1, because 
the numerical results have indicated that the variance estimates (described below) perform unsat- 
isfactorily under such a choice. Replacing the expected values by the observed data and y2 by 5< in 
(3.13), our proposed population size estimator for ENk, k S t - 1 is 

Nk = Nk,o + Fk(1)er/Ck (4.) 

Note that ENt is not estimable in this approach, since Ct* is undefined. 
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Jolly-Seber Model with Unequal Catchabilities 135 

Variance estimators for the usual estimators are given in Jolly (1965) and Seber (1982). To obtain 
a variance estimator of the proposed estimator for the heterogeneous case, we assume that Pl, 
P2, . . , PN are a random sample from an unknown distribution F(p). The unconditional variance 
estimator then can be obtained by using a standard approach of Jolly (1965) as if we had a usual 
time-specific model with individual capture probability being the mean of F(p). The adequacy of the 
resulting variance formula will be examined in Section 5. 

4.2 Jolly-Seber Model 
We restrict ourselves to the case ej _ 1 for allj. That is, each animal has its own capture probability 
and this probability is kept constant over samples. We need to estimate the first term of (3.9a), 8k(p) 

and CV. First notice that 

k-2 

p E Bj4,j+1,k_l(k -i - 1)(1 p)j2 E[fk-(1)]. 
j=0 

However, fk-(1) is unobservable. An estimate of it is provided by noting that rk/nk Z1,kl [fk-(l) 

gk(2)], which yields 

fk-(l) = gk(2) + Z1,knklrk- 

Next observe that from the interpretation of [-Pxk(p)] given in Section 4.1, we have 

k-2 

f3k(P) = E B14,J+l,k.l[1[ - (1 -p)k 
j _ (k -j)p(1 -p)k i ][pXk(P)] E[W2]k 

j=0 

An estimate of y2 based on capture frequencies of the first 7 samples, 7 = 2, 3, ... , t - 1 is given 
by (derivation is given in a technical report of the authors): 

^ max{ Er2 r(r- 1)fT(r) >j 07 (7 -])Qr - -1)?I+l,T.lB] - T=max .2 -,0 , (4.5) 
El-, rf,(r) !Ej.0 (7 -j)j+j+ ,T_jhB 

where fT(r) is defined in (4.2), 0m,,z = kn&n+i /O, 4j values are given in (3.10), and Bj = 

NIj+ l - 4NjNj0, Nj,0 is the usual Jolly-Seber estimator for ENj; since N1,0 is not obtainable, we take 
N10 = N2 2. Unlike the death-only model, here we can choose - in (4.5) as large as possible. Thus 
a proper choice of - is 7 = t - 1, since it is the largest size for which an estimate of fT(r) can be 
obtained. From (3.9a) and (4.5), we propose the following estimator for ENk: 

Nk = Nk,O + [fk-(1) + J42.lnk/rk]YT/Ck- (4.6) 

A variance estimator for the proposed estimator can be obtained similarly to that discussed in 
Section 4.1. We remark that for birth-only model, fk-(l) is a known statistic and the proposed 
estimator for ENk reduces to Nk,o + [fk-(1)](/Ck. 

5. Simulation Study 
In this section, we investigate numerically the performance of the approximation bias formulas 
derived in Section 3 for both the Jolly-Seber and the death-only models with unequal catchabilities. 
We then investigate the behavior of the proposed new estimators and compare them with the 
traditional estimators. The parameters of the trials are given in Table 1. We fixed N in the death-only 

Table 1 
Description of the trials (In each trial, there are one-forth animals with individual capture 
probabilities p1, P2' P3, and P4, respectively, p = mean, CV = coefficient of variation.) 
Trial p CV Pi P2 P3 P4 

1 .3 0 .3 .3 .3 .3 
2 .2 .37 .35 .25 .23 
3 .4 .44 .40 .21 .15 
4 .6 .5 .46 .14 .1 
5 .8 .6 .475 .075 .05 
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Table 2 
Magnitude of average and approximate biases for death-only model with unequal catchabilities 

Trial N1, 0 N2,0 N3,0 N4,0 N5,0 N6,0 
A. (/1 - 46) = (.95, .95, .90, .90, .85, .85); 

1 Average bias 3 1 4 4 3 6 
Approximate bias 0 0 0 0 0 0 

2 Average bias 4 9 5 5 9 1 
Approximate bias 7 8 9 9 10 9 

3 Average bias 31 35 33 33 37 32 
Approximate bias 29 32 35 36 37 36 

4 Average bias 69 73 73 72 73 63 
Approximate bias 61 66 71 72 72 66 

5 Average bias 124 125 122 116 111 96 
Approximate bias 103 111 117 115 111 98 

B. (/01- 46) = (.8 -8, .8, .8, .8, .8); 
1 Average bias 3 2 3 4 6 13 

Approximate bias 0 0 0 0 0 0 
2 Average bias 6 5 4 4 1 8 

Approximate bias 9 8 7 6 6 5 
3 Average bias 35 29 23 21 17 14 

Approximate bias 34 30 26 23 21 19 
4 Average bias 76 64 53 46 40 32 

Approximate bias 71 61 53 46 40 35 
5 Average bias 132 108 88 74 61 50 

Approximate bias 117 99 85 73 62 52 

C. (01 - 06) = (.75, .85, .95, .9, .85, .75); 
1 Average bias 2 1 2 2 4 17 

Approximate bias 0 0 0 0 0 0 
2 Average bias 5 7 6 5 4 5 

Approximate bias 8 6 6 7 7 7 
3 Average bias 31 28 25 27 24 21 

Approximate bias 30 25 25 27 28 27 
4 Average bias 71 59 54 55 52 47 

Approximate bias 63 52 51 54 54 49 
5 Average bias 124 98 87 86 83 70 

Approximate bias 105 87 83 86 83 73 

model and N1 in the Jolly-Seber model to be 400, t = 7, ej 1 for allj =1, 2, ...,7, and considered 
the following three types of survival rates: 

A. (/1 - 06) = (.95, .95, .90, .90, .85, .85); 

B. (01 - 06) = (.8, .8, .8, .8, .8, .8); 

C. (&1 - 'k6) = (.75, .85, .95, .90, .85, .75). 
For the individual capture probabilities, the population of 400 animals was divided into four 

different subpopulations of 100 animals each. That is, there were 100 animals with capture proba- 
bilities p1, P2' P3, and p4, respectively. Thepi values were chosen to satisfy the prespecified CV (0 
to .8 with an increment of .2) andp = 0.3. When the fourpi values are equal (CV = 0), the model 
reduces to the usual Jolly-Seber model with equal time-effects. We assumed that there are no deaths 
on capture, i.e., Rj = nj for all] = 1, 2, ... , t. In the Jolly-Seber model, the recruitment was fixed 
to compensate for the expected number of deaths, i.e., there were 100(1 - X>) animals with capture 
probabilitiesp1,p2, p3. andp4, respectively, in B1 new additions to satisfy EN1 = EN2 = ***= ENM 
_400. 
For each type of survival rate and each fixed trial, 200 data sets were generated. Then for each 

generated data set, we calculated for the death-only model the usual population size estimator Nk,o 
(see (3.12)) and the proposed Nk (see (4.4)) as well as their standard error estimates. For the 
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Table 3 
Magnitude of average and approximate biases for Jolly-Seber model with unequal catchabilities 

Trial N2,0 N3,0 N4,0 N5,0 N6,0 
A. ( - 06) = (.95, .95, .90, .90, .85, .85); 

1 Average bias 5 5 7 1 8 
Approximate bias 0 0 0 0 0 

2 Average bias 14 16 14 16 8 
Approximate bias 18 17 17 17 18 

3 Average bias 61 58 60 61 58 
Approximate bias 66 64 64 66 68 

4 Average bias 116 113 113 114 113 
Approximate bias 122 124 127 129 132 

5 Average bias 165 162 166 164 164 
Approximate bias 179 190 198 202 203 

B. (/l - +6) = (.8, .8, .8, .8, .8, .8); 
1 Average bias 8 0 5 3 4 

Approximate bias 0 0 0 0 0 
2 Average bias 4 9 9 9 25 

Approximate bias 19 18 17 19 19 
3 Average bias 50 59 56 58 70 

Approximate bias 67 65 65 67 69 
4 Average bias 109 113 112 112 120 

Approximate bias 124 125 127 130 133 
5 Average bias 162 164 164 164 168 

Approximate bias 180 190 196 200 202 

C. (01 - '6) = (.75, .85, .95, .9, .85, .75); 
1 Average bias 8 5 0 2 13 

Approximate bias 0 0 0 0 0 
2 Average bias 16 3 12 18 3 

Approximate bias 18 14 17 18 19 
3 Average bias 65 55 61 63 49 

Approximate bias 66 65 65 67 69 
4 Average bias 116 115 116 116 106 

Approximate bias 123 124 126 129 129 
5 Average bias 164 165 166 164 162 

Approximate bias 179 189 194 200 202 

Jolly-Seber model, Nk,o given in (3.2a) and the proposed Nk given in (4.6) were considered. Finally 
these 200 estimates and standard error estimates were averaged and the sample standard error as 
well as sample root mean squared error (RMSE) were obtained. 

We first examine numerically the approximate biases. For each set of the values of 'kk and each 
specified trial, we compare the approximate biases (for the Jolly-Seber model see (3.9a); for the 
death-only model see (3.14a)) in Tables 2 and 3 with the average biases based on simulations for 
three types of survival rates. Our proposed approximation formulas work satisfactorily except for 
the trial with relatively large CV (trial 5) for the Jolly-Seber model. 

We next discuss the simulation results for comparing estimators. In Tables 4 and 5, we present 
only the simulation for EN3 and EN6 for the first type of survival rates since results for other cases 
are similar. Complete tables are provided in a technical report of the authors. Both tables show that 
in the usual time-specific Jolly-Seber model (CV = 0, trial 1), the traditional population size 
estimators perform well, as expected. From (3.2a) and (3.12), our procedure yields exactly the usual 
Jolly-Seber estimator if CV is known to be 0. However, our estimator Nk incorporating CV term 
tends to have a positive bias, because the true CV is 0 while the estimates of it are usually larger than 
0. 

When CV > 0, the usual population size estimator Nk,o without considering heterogeneity 
consistently underestimates the true population size, and the magnitude of the bias increases as CV 
becomes large. It still works well when CV is .2; both estimators are comparable in this case. When 
CV ? .4, the usual estimator has larger bias but smaller standard error, whereas the proposed 
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Table 4 
Simulation results for death-only models, N = 400, t = 7,200 runs, (/1 - 06) = 

(.95, .95, .9, .9, .85, .85) 
JYk,o: usual estimator for death-only model, see (3.12); 
Nk: proposed estimator, see (4.4). 

Average 
Average Average estimated Sample Sample 

Parameter Method estimate bias s.e. s.e. RMSE 
Trial 1 (CV = 0) 

EN3 = 361 N3,0 365 4 25.58 22.56 22.91 
N3 370 9 28.97 24.94 26.45 

EN6 = 249 N6,0 255 6 48.22 44.10 44.54 
N6 260 11 52.77 46.77 48.25 

Trial 2 (CV = .2) 
EN3 = 361 N3,0 356 -5 24.64 23.18 23.74 

N3 363 2 28.97 26.40 26.52 
EN6 = 249 N6,0 248 -1 46.45 46.06 46.07 

N6 256 7 52.22 48.09 48.71 

Trial 3 (CV = .4) 
EN3 = 361 N3,0 328 -33 21.32 21.87 39.30 

N3 346 -15 26.98 27.16 31.03 
EN6 = 249 '6,0 217 -32 36.02 33.20 45.51 

N6 238 -11 45.16 37.94 39.47 

Trial 4 (CV = .6) 
EN3 = 361 N3,0 288 -73 16.94 19.40 75.39 

N3 310 -51 21.48 23.89 55.90 
EN6 = 249 '6,0 186 -63 26.51 23.91 66.98 

N6 213 -36 35.33 29.95 46.14 

Trial 5 (CV = .8) 
EN3 = 361 'Y3,0 239 -122 12.14 13.57 122.63 

N3 255 -106 14.30 16.73 107.73 
EN6 = 249 '6,0 152 -96 18.05 17.17 97.74 

N6 174 -75 24.05 21.22 77.14 

estimator has smaller bias but larger standard error due to estimation of CV. With respect to the 
RMSE, both estimators behave similarly when 0 < CV < 0.4; and the proposed estimator is superior 
to the usual estimator when CV B 0.4. In other words, when CV is relatively large, the reduction 
in bias can compensate for the increase in standard error due to estimating CV. Of course, we do 
need sufficient data to generate a stable estimator for CV. 

It is clear from these results that the proposed estimates are still biased downwards for large CVs 
mainly due to the underestimation of CV especially when CV is large. (The CV estimates are 
considerably lower than the true values.) 

We remark that Gilbert (1973) suggested that the heterogeneity is relatively unimportant with 
respect to population size when all capture probabilities are .5. It can be shown theoretically that 
when all capture probabilities are > .5, the maximum CV that can be achieved is (1/8)1/2 .35 (it is 
achieved for a population with 2/3 animals having capture probability 1/2 and the other 1/3 having 
probability 1). From our simulation, it is not worthwhile estimating CV in this case, which agrees 
with Gilbert's finding. 

The approximate standard error estimates of Tk and Nk,o calculated by using the approach of Jolly 
(1965) (column 5 in each table) are generally satisfactory since they are close to the sample standard 
errors (column 6 in each table). 

In summary, the usual population size estimator without considering heterogeneity is still appro- 
priate when CV < .4. When CV ? .4 and there are sufficient data to generate a stable estimate of 
CV, our estimator incorporating the heterogeneity of capture probabilities is superior to the usual 
estimator; when 0 < CV < 0.4 both estimators are comparable. 
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Table 5 
Simulation results for Jolly-Seber models, N = 400, t = 7,200 runs, (/1 - 06) = 

(.95, .95, .9, .9, .85, .85) 
Nk,O: usual estimator for Jolly-Seber model, see (3.2a); 
Nk: proposed estimator, see (4.6). 

Average 
Average Average estimated Sample Sample 

Parameter Method estimate bias s.e. s.e. RMSE 
Trial 1 (CV = 0) 

EN3 = 400 N3,0 405 5 45.76 47.75 47.96 
N3 412 12 46.77 48.89 50.33 

EN6 = 400 N6,0 408 8 68.81 66.84 67.34 
N6 417 17 70.81 73.05 74.98 

Trial 2 (CV = .2) 
EN3 = 400 N3,0 384 -16 42.39 45.22 47.83 

N3 395 -5 43.74 45.88 46.15 
EN6 = 400 N6,0 392 -8 63.23 57.80 58.36 

N6 404 4 65.66 63.21 63.33 

Trial 3 (CV = .4) 
EN3 = 400 N3,0 342 -58 34.38 36.78 68.54 

N3 357 -43 36.30 39.41 58.16 
EN6 = 400 '6,0 342 -58 50.15 51.18 77.17 

N6 360 -40 53.51 57.54 70.21 

Trial 4 (CV = .6) 
EN3 = 400 N3,0 287 -113 24.69 28.08 116.10 

N3 300 -100 26.25 29.75 104.00 
EN6 = 400 '6,0 287 -113 36.22 36.76 118.60 

N6 304 -96 39.41 44.61 106.23 

Trial 5 (CV = .8) 
EN3 = 400 ]Y3,0 238 -162 16.31 18.85 163.45 

N3 245 -155 17.13 20.00 156.44 
EN6 = 400 '6,0 236 -164 24.19 24.74 166.05 

N6 246 -154 26.01 29.32 157.24 

6. Real Data Example 
The data originally obtained by C. R. Muir consists of 13 successive capture-recapture samples of 
adult black-kneed capsids in an apple orchard at the East Malling Agricultural Research Station. 
Capsids were individually marked and their sex recorded. This data set has been discussed in Jolly 
(1965), Seber (1982), and Burnham (1989). Buckland and Garthwaite (1991) also used it to illustrate 
the bootstrap resampling method. Professor Burnham has kindly made available the edited data. 

Table 6 
Summary statistics of male capsids data 

k nk mk Rk rk Zk 

1 134 0 134 37 0 
2 156 19 156 48 18 
3 173 34 173 35 32 
4 192 38 190 35 29 
5 173 35 171 29 29 
6 140 29 140 25 29 
7 93 30 93 9 24 
8 84 15 84 9 18 
9 49 13 48 6 14 

10 24 12 24 5 8 
11 25 8 24 0 5 
12 17 3 17 0 2 
13 11 2 11 
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Table 7 
Jolly-Seber and proposed estimates for male capsids data 

k Nk,0 S.e.(Nk,O) Nk X.e.(Nk) 

2 642 166 773 199 
3 953 222 1108 206 
4 964 222 1130 260 
5 1077 269 1283 318 
6 973 259 1144 305 
7 968 370 1127 539 
8 1059 464 1246 539 
9 464 222 542 261 

10 119 60 142 69 
11 435 462 505 535 
12 210 252 243 293 

We use the male capsids for illustrating our method. The summary statistics are given in Table 6. 
There were six losses on capture, and they are excluded in this analysis to simplify the estimation 
procedure. Excluding these six capsids will result in little change in the estimates, because the 
number of total captures is relatively large. The CV based on (4.5) for the male capsids is estimated 
to be 5 = .4033. From our experience in the simulation, the classical Jolly-Seber estimates are likely 
to have severe negative bias. Table 7 provides the Jolly-Seber and the proposed estimates as well 
as their estimated standard errors. Our estimates are always higher than the Jolly-Seber estimates, 
but higher standard errors due to estimation of CV are also shown in the table. The standard errors 
for samples 11 and 12 are extremely large for both estimation methods because of the sparseness of 
the data for these two samples. 

We remark that for the female capsids data, the CV is estimated to be 5 = .0952, which indicates 
that it is plausible to assume equal catchabilities. Our estimates are very close to Jolly-Seber 
estimates and thus are not reported here. A computer program which calculates the proposed 
estimators and standard errors may be obtained from the second author upon request. 
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RESUME 

Utilisant le concept de couverture d'6chantillon, nous d6rivons une approximation du biais dans les 
estimateurs de taille de populations de Jolly-Seber due a l'h6terogen6ite des probabilit6s de capture. 
Le biais r6sultant est exprim6 comme une fonction de la couverture d'6chantillon, de la probabilit6 
moyenne de capture et du coefficient de variation des probabilites individuelles de capture. L'effet 
de l'inegalit6 des captures sur les estimateurs du taux de survie de Jolly-Seber est aussi brievement 
discut6. Nous proposons de nouveaux estimateurs de la taille de populations qui incorporent 
l'het6rogeneite des probabilites de capture. Une 6tude par simulation evalue la performance de la 
formule d'approximation des biais et la proc6dure d'estimation propos6e. Une serie de donnees 
reelles sur les males de ... utilisees par Jolly (Biometrika 52, 225-247, 165), Seber (The Estimation 
of Animal Abundance, 1982), et Burnham (In Estimation of Analysis of Insect Populations, pp. 
416-435, 1989) illustre la m6thode. 
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