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Coverage-based rarefaction and extrapolation: standardizing samples 

by completeness rather than size 

Anne Chao1,3 and Lou Jost2 
1 Institute of Statistics, National Tsing Hua University, Hsin-Chu, Taiwan 30043 2 Eco M inga Foundation, Via a Runtun, Baños, Tungurahua, Ecuador 

Abstract. We propose an integrated sampling, rarefaction, and extrapolation methodol- 
ogy to compare species richness of a set of communities based on samples of equal 
completeness (as measured by sample coverage) instead of equal size. Traditional rarefaction 
or extrapolation to equal-sized samples can misrepresent the relationships between the 
richnesses of the communities being compared because a sample of a given size may be 
sufficient to fully characterize the lower diversity community, but insufficient to characterize 
the richer community. Thus, the traditional method systematically biases the degree of 
differences between community richnesses. We derived a new analytic method for seamless 
coverage-based rarefaction and extrapolation. We show that this method yields less biased 
comparisons of richness between communities, and manages this with less total sampling 
effort. When this approach is integrated with an adaptive coverage-based stopping rule during 
sampling, samples may be compared directly without rarefaction, so no extra data is taken and 
none is thrown away. Even if this stopping rule is not used during data collection, coverage- 
based rarefaction throws away less data than traditional size-based rarefaction, and more 
efficiently finds the correct ranking of communities according to their true richnesses. Several 
hypothetical and real examples demonstrate these advantages. 

Key words: diversity; extrapolation; interpolation; prediction; rarefaction; replication principle; sample 
coverage; species accumulation curve; species richness; standardization. 

Introduction 

Species richness is the oldest, simplest, and most 
popular diversity measure, and its mathematical prop- 
erties are especially intuitive (Magurran 2004, Magurran 
and McGill 2011, Gotelli and Colwell 2001, 2011, 
Colwell et al. 2012). Unfortunately, the statistical 
properties of species richness are much worse than those 
of any other common diversity measure (Colwell and 
Coddington 1994, Chao 2005, Gotelli and Chao 2013), 
since it is as sensitive to rare and hard-to-detect species 
as to common ones. In communities with many rare 
species, like tropical arthropod, orchid (see Plate 1), or 
soil microbe communities, sample richness might "never 
stabilize as sample size increases, under any realistic 
sampling scheme (Coddington et al. 2009). Sample 
richnesses of such communities depend strongly on 
sample size. 

To control for this dependence when comparing the 
richnesses of different communities, ecologists use rare- 
faction to down-sample the larger samples until they are 
the same size as the smallest sample (Sanders 1968, 
Hurlbert 1971, Simberloff 1972, Gotelli and Colwell 
2001, 2011). Ecologists then compare the richnesses of 
these equally large samples. However, this is usually not a 
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"fair" comparison. Samples standardized by size will 
usually have different degrees of completeness, depending 
on the species-abundance distributions of the communi- 
ties being compared. A temperate-zone tree community 
with 10 species might be completely characterized by a 
sample of 100 individuals, but the same size sample would 
greatly underestimate the richness of a tropical rain forest 
with 300 tree species. If we compared the richnesses of 
these two communities using samples standardized to 100 
individuals, the richnesses we obtain would not give a 
meaningful idea of the real degree of difference between 
the communities' richnesses. In fact, the degree of 
difference observed would depend almost entirely on 
the sample size used, rather than on some real 
characteristics of the communities being compared. As 
Peet (1974) pointed out, richness estimates based on fixed 
sample sizes necessarily compress the ratio of their 
richnesses, and our examples in the Replication principle 
for samples standardized by coverage section below show 
that this compression can be severe. 

The solution is to compare samples of equal 
completeness, not equal size. Recently, Alroy (2009, 
20 10¿z, b ), Jost (2010), and Chao ( personal correspon- 
dence in Jost 2010) noticed that when samples are 
standardized by their coverage (a measure of sample 
completeness; see next section) instead of by their size, 
the estimated richnesses approximately satisfy a repli- 
cation principle, which is an essential property for 
characterizing diversity. Species richness itself has this 
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property, but estimated richnesses based on samples of 
fixed size do not. Because coverage-based estimated 
richness preserve this important property of species 
richness, the ratio (or any measure of the degree of 
difference) between coverage-based richness estimates of 
any two communities will be more representative of the 
true relationship between the diversities of the commu- 
nities, compared with the ratio based on traditional 
richness estimates at fixed sample size. The ratio will 
show much less compression than the ratio based on 
estimates at fixed sample size, and in special cases there 
will be no compression at all, even for small samples. 
This cannot be achieved by the traditional approach. 
The estimated richnesses at fixed coverage can mean- 
ingfully be compared in other ways (such as taking their 
absolute difference or relative difference) as well, since 
they estimate properties of a fixed fraction of each 
community, as explained in the next section. 

Alroy (2009, 2010a, Z?) called his coverage-based 
rarefaction approach "shareholder quorum subsam- 
pling," and implemented it by randomly drawing 
specimens until the desired coverage level was reached, 
with the coverage obtained at any one sampling level 
being estimated from a combination of the observed 
species frequencies and the overall sample's coverage. 
Jost (2010) also proposed an algorithmic method for 
estimating richness at a given coverage. Here we derive 
for the first time an unbiased analytical rarefaction 
formula for estimating richness at a given coverage, and 
also present a new, unbiased algorithmic technique for 
rarefying samples to a fixed sample coverage instead of a 
fixed size. We also show how our method leads to a well- 
known adaptive stopping rule for sampling, so that 
ecologists need not waste any sampling effort (and, in 
fact, do not need to rarefy their samples at all). 

If our recommended stopping rule is not used, 
coverages will generally differ among samples. Then 
rarefaction of these samples to a standard coverage will 
end up throwing away data, just like traditional 
rarefaction. This frustrating limitation of rarefaction 
(whether size- or coverage-based) can be overcome by 
extrapolating the species-accumulation curves of the less 
complete samples instead of rarefying the more complete 
samples, or by a mixture of rarefaction of the largest 
samples and extrapolation of the smaller ones, always 
with the aim of comparing samples of equal coverage. 
Ecologists have often used curve-fitting methods to 
obtain extrapolated richness estimates (estimates of the 
richness that would be expected if sample size were 
increased by a given amount); see Col well and Cod- 
dington (1994) for an overview. Good and Toulmin 
(1956) provided the foundation for sampling theory- 
based extrapolation methods. Complicated mixture 
extrapolation models were developed by Colwell et al. 
(2004) and Mao et al. (2005). Recently, Colwell et al. 
(2012) unified the approach based on standardized 
sample size to link rarefaction and extrapolation curves, 
which helps solve this issue of throwing away data. We 

here propose for the first time an analytic formula to 
extrapolate a sample to a higher coverage instead of 
larger sample size. Thus, a unified coverage-based 
sampling curve that integrates both rarefaction and 
extrapolation can be constructed. This unified curve uses 
more data and provides more meaningful information 
than traditional approaches. We illustrate our approach 
with examples demonstrating its advantages. 

Sample Coverage and the Species 
Accumulation Curve 

The concept of "sample coverage" (or simply "cover- 
age") was originally developed for cryptographic anal- 
yses during World War II by the founder of modern 
computer science, Alan Turing, and by his colleague I. J. 
Good (Good 1953, 2000). It is a measure of sample 
completeness, giving (in our context) the proportion of 
the total number of individuals in a community that 
belong to the species represented in the sample. 
Subtracting the sample coverage from unity gives the 
proportion of the community belonging to unsampled 
species; we call this the "coverage deficit." The coverage 
deficit of the sample is also the probability that a new, 
previously unsampled species would be found if the 
sample were enlarged by one individual. 

An idealized example will help illustrate the coverage 
concept. Suppose Community A hosts a terrestrial 
arthropod community with 50 species. Species 1 has 
relative abundance 0.3, species 2 has relative abundance 
0.1, species 3 through 5 each has relative abundances of 
0.05, and species 6 through 50 each have relative 
abundances of 0.01. We can write the relative abun- 
dances of the community's species as {0.3, 0.1, 0.05 X 3, 
0.01 X 45}. Suppose a random sample of 20 individuals 
is taken with replacement from this community. Assume 
we observe the most abundant 12 species, but not the 
other 38 species (this is just the most likely combination, 
but we could observe many other combinations). Then 
the sample coverage of this specific sample is 0.3 + 0.1 + 
0.05 X 3 + 0.01 X 7 = 62% because these 12 species in the 
sample, taken together, constitute 62% of the total 
number of individuals in the community. The coverage 
deficit is 100% - 62% = 38%, meaning that 38% of the 
individuals in the community belongs to species that 
were not detected by the sample. These numbers are 
objective indicators of the completeness of the sample. 

Ecologists already make heavy use of this coverage 
concept as a measure of sample completeness, perhaps 
without realizing it. We often judge the completeness of 
the sample by looking at the final slope of the 
rarefaction curve calculated from the species frequency 
data (e.g., Schloss and Handelsman 2004, Tringe et al. 
2005). The sample is considered to be nearly complete if 
and only if this slope is small. This slope is the expected 
rise of the curve if one individual is added to the sample; 
in other words, it is the probability that the next sampled 
individual is a new species not previously sampled 
(Olszewski 2004). This is just the coverage deficit of the 
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sample. Coverage thus already forms the main criterion 
by which ecologists judge the completeness of a sample 
whose true richness is unknown. 

Theoretical relationship 
Let Sm be the number of species in a given sample of 

size m. Good (1953) showed that 

s s 
E(Sm) = £[1 - (1 -Pi)m] = S-£(1 -PiT (1) 

/= 1 1=1 

where S is the total number of species, and pt is the 
relative abundance of the zth species. (Our methods in 
this paper are also valid in a more general framework, in 
which Pi is interpreted as the detection rate of the zth 
species, i.e., a normalized product of relative abundance 
and individuals' detectability. Both relative abundance 
and individuals' detectability are allowed to vary with 
species. For simplicity, we present all our derivations 
assuming pt is simply the relative abundance of the zth 
species.) A traditional size-based expected species 
accumulation curve (SAC) plots E(Sm) with respect to 
sample size m. For our Community A with relative 
abundances {0.3, 0.1, 0.05 X 3, 0.01 X 45}, Eq. 1 tells us 
we would expect to find 12 species in our sample of 20 
individuals (Table 1). If we consider all possible 
combinations of sampled individuals, the expected value 
of the coverage of a sample of size m is given by (Good 
1953, Robbins 1968) as follows: 

1=1 

= i - ~ p>îm m>0- ( 2 ) 
i=i 

For our Community A, the expected coverage for m = 20 
is 57%, so the expected coverage deficit is 43%. The 
connection between the coverage deficit and the slope of 
the expected SAC for any sample size m can be found by 
combining Eqs. 1 and 2 to obtain the following "slope- 
coverage relationship": 

1 - E(Cm) = E(Sm+ 1) - E(Sm) with m > 0. (3) 
The right-hand side is the slope of the species 
accumulation curve (the expected change along the y- 
axis, E(Sm+') - E(Sm ), divided by the corresponding 
change in the x-axis, which is a sample increment of one 
individual). This proves that the slope of the expected 
SAC for a sample of size m is equal to the expected 
coverage deficit of the sample. 

Replication principle for samples standardized 
by coverage 

Estimates of species richness standardized by coverage 
preserve an important property of species richness, a 
kind of replication principle, as first noted by Alroy 
(2010¿0 and Jost (2010). This property is critical for 
properly judging the relative diversities of multiple 

Table 1. The expected number of species observed in any 
sample of size m, E(Sm), in Community A and Community A 
+ B and their ratio for m = 5, 10, 20, . . . , 2000. 

Sample  ^  
size, m Community A Community A + B Ratio 

5 4.13 4.51 1.09 
10 7.13 8.15 1.14 
20 12.00 14.17 1.18 
30 16.03 19.31 1.21 
40 19.50 23.91 1.23 
50 22.54 28.11 1.25 
60 25.24 31.97 1.27 
70 27.65 35.56 1.29 
80 29.81 38.91 1.31 
90 31.76 42.04 1.32 
100 33.51 44.99 1.34 
200 43.97 66.94 1.52 
300 47.79 79.99 1.67 
400 49.19 87.88 1.79 
500 49.70 92.66 1.86 
600 49.89 95.55 1.92 
700 49.96 97.31 1.95 
800 49.99 98.37 1.97 
900 49.99 99.01 1.98 
1000 49.99 99.40 1.99 
2000 49.99 99.99 2.00 
Note: The three species ratios shown in Fig. la are in 

boldface. 

communities. We explain this property by means of 
the following example. 

Tropical forests typically have distinct canopy and 
understory butterfly assemblages (DeVries and Walla 
2001). Suppose Community A from our coverage 
example is the canopy butterfly assemblage, with species 
abundance distribution {0.3, 0.1, 0.05 X 3, 0.01 X 45}. 
Suppose the understory assemblage, Community B, has 
the same species abundance distribution, {0.3, 0.1, 0.05 
X 3, 0.01 X 45}, and no species shared with the canopy 
community. Suppose both communities have the same 
density of individuals. 

We compare two forests, one which has both a canopy 
and understory community A + B and another that, 
because of human alternations to the understory, has 
only a canopy community A. Community A + B is twice 
as diverse as Community A, not just in terms of species 
richness, but also in terms of Shannon entropy, Simpson 
indices, or any other standard diversity measure, when 
these measures are converted to diversities (effective 
number of species; Jost 2007). An ideal comparison 
method should therefore yield a diversity ratio of 2.0 for 
Community A + B relative to Community A. 

As discussed in the Theoretical relationship section, a 
sample of 20 individuals from Community A is expected 
to contain 12 species (from Eq. 1); see Table 1. If we use 
this same sample size for Community A + B, or if we 
rarefy a larger sample of Community A + B down to 20 
individuals as ecologists would usually do, we would not 
expect to find twice as many species (24 species), but 
only 14 species (Eq. 1, Table 1). From these samples, we 
would estimate that the ratio of the diversities of the two 

This content downloaded from 140.114.36.228 on Tue, 26 Jan 2016 05:53:22 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


2536 ANNE CHAO AND LOU JOST Ecology, Vol. 93, No. 12 

Fig. 1 . (a) The plot of the expected species richness, E(Sm ), with respect to sample size m, and (c) with respect to the expected 
sample coverage , E(Cm), for Community A (solid line) and Community A + B (dashed line), (b) The plot of log^S*,)] with respect 
to sample size m, and (d) with respect to the expected sample coverage, E(Cm ), for Community A (solid line) and Community A + B 
(dashed line). The species richness ratio is calculated for sample sizes m = 20, 50, and 100 in panel (a). These three sizes correspond 
to sample coverage 0.46, 0.60, and 0.71, respectively, in Community A + B (the curve with the less coverage; see Table 2), and the 
three corresponding ratios for these three coverages are shown in panel (c). Note that in panel (c), for any given sample coverage, 
the value in the dashed line is approximately double the value in the solid line. The plot of the logarithm of species richness with 
respect to sample coverage in panel (d) clearly shows two approximately parallel lines. The numbers in parentheses show the x- and 
j-axis coordinates for each point. 

communities is only 14/12 = 1.18, not even close to the 
true ratio of 2.00. Severe underestimation of the degree 
of difference in richnesses of these two communities 
continues even for quite large sample sizes (Table 1, Fig. 
la, b). Only when sample size exceeds 400 does the 
estimated diversity ratio between the communities come 
within 10% of the correct value. 

However, if our sample of Community A + B is 
standardized to the same coverage as our sample from 
Community A (rather than the same sample size), a 

remarkable thing happens. The sample from Commu- 
nity A + B will be approximately twice as rich as the 
sample from Community A, on average, even for very 
small sample sizes (Table 2, Fig. lc, d). This can be seen 
by noting that, to achieve a coverage of 0.57 (the 
coverage of the 20 -individual sample from Community 
A), a sample of Community A + B would have to be 
twice as big as the sample from Community A, and 
would most likely include its 24 most abundant species. 
The average number of species in a sample of size 40 
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Table 2. The expected sample coverage, E(Cm), and expected species richness, E(Sm), by matching coverage in Community A and 
Community A + B. 

E (Cm) Sample size m E(Sm) 
Community A Community A + B Community A Community A + B Community A Community A + B Ratio 

0.35 0.34 5 10 4.13 8.15 1.98 
0.46 0.46 10 20 7.13 14.17 1.99 
0.57 0.56 20 40 12.00 23.91 1.99 
0.60 0.60 25 50 14.09 28.11 1.99 
0.63 0.63 30 60 16.03 31.97 1.99 
0.68 0.68 40 80 19.50 38.91 2.00 
0.72 0.71 50 100 22.54 44.99 2.00 
0.75 0.75 60 120 25.24 50.39 2.00 
0.77 0.77 70 140 27.65 55.21 2.00 
0.80 0.80 80 160 29.81 59.54 2.00 
0.82 0.82 90 180 31.76 63.43 2.00 
0.83 0.83 100 200 33.51 66.94 2.00 
0.90 0.90 150 300 40.03 79.99 2.00 

Note: The sample size in Community A + B is double the sample size in Community A. "Ratio" is calculated as the ratio of E(Sm) 
of Community A + B to E(Sm) of Community A. The three species ratios shown in Fig. lc are in boldface. 

from Community A + B is 23.91, from Eq. 1 and Table 
2. The expected richness of the sample (for m = 40) from 
Community A + B will thus be twice that of the sample 
(for m = 20) from Community A. In general, richness 
estimates based on coverage obey the following replica- 
tion principle (Alroy 2010a, Jost 2010), which is also 
obeyed by species richness itself: If Community 2 
consists of K replicates of Community 1 (each replicate 
with the same species abundance distribution and 
density as Community 1 , but with no species in common 
between replicates), then on the average, a sample from 
Community 2 will have an expected richness approxi- 
mately K times that of a sample from Community 1 
when both samples have the same coverage. The proof 
of this property and its generalization is given in 
Appendix A. This property is a necessary condition for 
diversity estimators to behave intuitively in ratio 
comparisons and other comparison criteria. 

Even in the general case, when one community is not 
an exact multiple of the other (in the sense of the 
replication principle just described), standardizing on 
coverage produces more useful and meaningful com- 
parisons of species richness and other diversity mea- 
sures. When we compare samples with the same 
coverage, we are making sure that samples are equally 
complete and that the unsampled species constitute the 
same proportion of the total individuals in each 
community. Although we are usually unable to compare 
true species richness due to incomplete sampling, we can 
now compare species richness for the same proportion of 
each community's individuals. Therefore, our compar- 
ison is based on a community's characteristic, rather 
than surveyor's sampling efforts. 

Estimating coverage from data 
In practical applications, sample coverage must be 

estimated from data. This might seem to require 
advance knowledge of the true relative abundances of 
all the species in the community. However, contrary to 

most people's intuition, sample coverage can be very 
accurately and efficiently estimated using only informa- 
tion contained in the sample itself, as long as the sample 
is reasonably large (Good 1953, Robbins 1968, Esty 
1983, 1986). For a given original sample of size n (which 
will be referred to as "reference sample"), a commonly 
used estimator of sample coverage is simply 1 - /i/w, 
where f' is the number of singletons (species each 
represented by exactly one individual in the reference 
sample). This estimator was originally discovered by 
Alan Turing (Good 1953). Robbins (1968) showed that 
the mean squared error of Turing's estimator is less than 
1 /«, indicating it is quite accurate if n is large. Esty 
(1983) and Zhang and Zhang (2009) proved asymptotic 
normality of Turing's estimator, and provided a 
confidence interval for sample coverage. Chao et al. 
(1988) derived a less biased, but more complicated 
estimator, which was rediscovered by Zhang and Huang 
(2007). A Bayesian nonparametric approach was pro- 
posed in Lijoi et al. (2007). Using information on both fx 
and f2 (the number of doubletons in the sample), we 
adopt here the following improved coverage estimator 
for a reference sample of size n (Chao and Shen 2010): 

c I /' [ 1 (4ai ( ) n |_(n - l)/i + 2/2J 
(4ai ( ) 

This coverage estimator generally has smaller mean 
squared error than Turing's estimator. An asymptotic 
approach yields an approximate variance estimator and 
the associated confidence interval to reflect sampling 
uncertainty (Chao and Shen 2010). 

Coverage-based stopping rule 
We have shown that samples of equal completeness, 

not equal size, should be compared across communities 
if we want to make inferences about the relative 
differences in richness between communities rather than 
samples. This suggests that ecologists should sample 
each community to the same degree of completeness, as 
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measured by the coverage estimate 1 -f'ln or the more 
accurate Eq. 4a. When a sample reaches a predetermined 
value of this coverage estimate, which can be easily 
calculated in the field, sampling stops. This stopping rule 
was theoretically justified by an optimal stopping theory 
(Rasmussen and Starr 1979). Such equally complete 
samples from different communities can be compared 
directly, without any need for rarefaction (see Example 2 
below). 

Coverage-based Rarefaction (Interpolation) 
Let Cm be the coverage for subsamples of size m (m < 

n) from the reference sample of size n. Under the model 
that the species sample frequencies (Xu X2, . . . , Xs) 
follow a multinomial distribution with a cell total n and 
probabilities {/?i, p2, . . . the unique minimum- 
variance unbiased estimator of the expected coverage 
E(Cm ) is (see proof in Appendix B): 

Z/1-X.A 

■^'-Ef-^rrry 

»<" <4b> 

where Xt is the number of individuals observed for 
species i in the reference sample so that Yfi=i xi = n- This 
new equation yields exact values that previously could 
only be estimated using the algorithmic approaches 
suggested by Alroy (2010a) and Jost (2010). This 
equation is analogous to traditional rarefaction equa- 
tion giving the estimated species richness Sm for a 
subsample size m as follows: 

//i-XA 
V 171 J Sm = Sobs - 2_s / - m<n (5) 

Xi> 1 ( 
n 

] 
'm) 

where Sohs is the number of species observed in the 
reference sample of size n. The estimator Sm is the unique 
minimum variance unbiased estimator for E(Sm ), the 
expected number of species that would be observed in a 
subsample size of m, m < n (Hurlbert 1971, Smith and 
Grassle 1977); see Eq. 1. Since Sm is an unbiased 
estimator, its expected value is simply E(Sm ), which 
satisfies the replication principle when the expected 
coverage is standardized, as we prove in Appendix A. 
For the estimator Sm9 Col well et al. (2012) derived an 
analytic variance formula in terms of an estimated 
number of undetected species. Their variance estimator 
works well for a large rarefied size m , but tends to 
overestimate and thus produces a conservative confi- 
dence interval when the size m is not large relative to n. 
To remedy this problem, we suggest a bootstrap method 
to construct an estimated variance and the associated 
confidence interval for any given sample coverage; see 
Appendix C for a description. For both analytic and 
bootstrap approaches, the reference sample size n should 
be large enough so that the undetected species richness 

and sample coverage can be adequately estimated. A 
rough guideline is that the estimated coverage value (Eq. 
4a) should be at least 50% (Chao and Lee 1992). 

Based on Eqs. 4b and 5, we show that the traditional 
rarefaction estimator Sm is related to the coverage deficit 
estimator by the following relation (see Appendix B): 

1 - Cm - Sm-'-i - Sm m<n. (6) 
This shows that the estimated coverage deficit after m 
individuals have been sampled is exactly equal to the 
slope of the line connecting the two points (ra, Šm) and 
(m + 1, 5m+i) in a traditional rarefaction curve. This 
relationship between the data-based estimators of 
coverage and richness is identical to the relationship 
between the theoretical expected coverage and richness 
given by Eq. 3. This means that, based on data, two 
samples rarefied down to sizes m' and m2 , respectively, 
are equally complete if and only if the slopes of their 
rarefaction curves (at x-axis of m' and m2 , respectively) 
are the same. 

Analytical approach 
Our Eq. 4b gives the estimated coverage Cm as a 

function of sample size m, and Eq. 5 gives the estimated 
richness Sm of a sample of size m < n. The coverage- 
based analytic rarefaction curve is obtained by simply 
plotting the species estimate Sm with respect to the 
sample coverage estimate Cm for m < n. For m - n, we 
plot Sobs with respect to Cn which is given in Eq. 4a. See 
examples in Applications. 

This method is valid as long as the sampling method 
actually used in the field does not significantly alter the 
population's species abundance distribution. Thus, it is 
always valid if sampling is done with replacement, and it 
is also valid for sampling without replacement if the 
communities are much larger than the samples (as is 
usually the case). 

Unbiased algorithm 
The mathematical theory for sampling also leads to an 

algorithmic method to obtain the coverage-based 
rarefaction curve (See Appendix D). For a sample size 
m < n, we take m + 1 individuals without replacement 
from the original sample, and record the number of 
singletons in this subsample. Appendix D provides 
theoretical justification that this algorithm is unbiased 
in the sense that, after a large number of replications, 
one minus the average proportion of singletons in a 
subsample of size m + 1 tends to Cm in Eq. 4b. We have 
tested this algorithm with many sets of empirical data. 
In all data sets, the analytic Cm and the simulated value 
perfectly match each other when the number of 
replications is sufficiently large. 

Although the analytic method in Eq. 4b is sufficient to 
construct coverage-based rarefaction curves, the unbi- 
ased algorithmic method can be useful for estimating 
other measures; see Discussion. Alroy (2009, 2010a, b) 
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proposed a different algorithmic technique that allows 
users to pre-specify a desired value of Cm (called a 
subsampling quorum) and obtain a corresponding 
richness estimate. In Appendix D, our algorithm is 
theoretically proved to be unbiased under a commonly 
used sampling model, and statistical estimation theory 
implies that our approach is the unique minimum 
variance unbiased estimator. 

Coverage-Based Extrapolation (Prediction) 
Analytic approach 

For extrapolation, only an analytic approach is 
feasible. In a traditional size-based sampling curve, 
given the data for a reference sample of size n , the 
extrapolation problem is to predict the expected number 
of species E(Sn+m*) in an augmented sample of n + ra* 
individuals from the community (ra* > 0). Good and 
Toulmin (1956) derived a prediction formula, but their 
estimator lacks some theoretical properties of the 
prediction function (Boneh et al. 1998) and may take 
negative values or become extremely large if ra* > n; see 
Chao and Shen (2004) for examples. The predictors 
proposed in Colwell et al. (2004) and Mao et al. (2005), 
although theoretically useful and flexible, are based on 
rather complicated mixture models. Recently, Colwell et 
al. (2012) linked the interpolation (rarefaction) curve 
given in Eq. 5 and the extrapolation (prediction) curve 
proposed in Shen et al. (2003) to yield a single smooth 
curve meeting at the reference sample. Here, we slightly 
modify the approach of Shen et al. (2003) and consider 
the following more accurate predictor for the species 
richness in an augmented sample with size n + ra*: 

Sn+m* = Sobs +fo (7) 
V nfo +/l J 

where /o is an estimator for /0 (the number of undetected 
species). Colwell et al. (2012) suggested that /0 can be 
obtained by using the Chaol estimator (Chao 1984), as 
follows: 

or 

/o= t (« - i) /íCfi - i) for/2 f , n °- m (8) /o= t 
« 2(fc + l) 

f for/2 
, °- n m (8) 

A similar bootstrap method as we used for rarefaction 
(Appendix C) can be applied to obtain a variance 
estimator of Sn+m* and confidence interval of E(Sn+m*). 
When ra* tends to infinity, the extrapolated estimator 
approaches S0bs + /o> implying the Chaol species 
richness estimator is the asymptotic value of our 
extrapolation formula. The first-order approximation 
of E(Sn+m*) (i.e., replace all observed data in Eq. 7 by 
their expected values) still obeys the replication principle 
in the following sense (as proved in Appendix E): 

Assume Community 2 consists of K replicates of 
Community 1. If the sample size in Community 2 is K 
times that in Community 1 (so that the expected sample 
coverage is standardized), then E(SK(n+m*)) in Commu- 
nity 2 for an augmented sample of size K(n + ra*) is 
approximately K times of E(Sn+m*) in Community 1 for 
an augmented sample of size n + ra*. 

To plot the extrapolation part of the coverage-based 
sampling curve, we additionally need to derive an 
estimator for the expected coverage E(Cn+m*) in an 
augmented sample of n + ra* individuals from the 
community (ra* > 0). Using similar arguments as in 
Chao et al. (2009), we can obtain an estimator of 
E(Cn+m*) when /i,/2 > 0 as follows (see Appendix E for 
derivation details): 

c C"^-1 . 1 M ("-1)/' f+l ' (9a) (9a) c C"^-1 . 1 
„[(„_!)/, +2/J 

' (9a) (9a) 

When ra* tends to infinity, the extrapolated coverage 
estimator approaches unity, indicating a complete 
coverage. When ra* = 0, it reduces to the sample 
coverage estimator for the reference sample as given in 
Eq. 4a. When n is large, it follows from Eq. 4a that the 
coverage deficit for an augmented size of n + ra* is 
reduced by a factor of approximately exp[-2ra*/2/(«/i)]: 

1 - cn+m* «(1 - C„)exp[-2 m*f2/(nfi)]. (9b) 
With the modified estimator in Eq. 7 and the predicted 
coverage formula in Eq. 9a, we can prove (Appendix E) 

1 Sn-'-m*. (io) 

Thus, the theoretical slope coverage relationship given 
by Eq. 3 is valid not only for the rarefaction part (Eq. 6), 
but also for the extrapolation part (Eq. 10). 

An integrated coverage-based sampling curve includes 
the rarefaction part (which plots Sm with respect to Cm, 
m < n; see Eqs. 4b and 5) and the extrapolation part 
(which plots Sn+m* with respect to Cn+m* for ra* > 0; see 
Eqs. 7 and 9a); both parts join smoothly at the reference 
point (C„, Sobs); see Eq. 4a. As will be shown in our 
examples, the bootstrap confidence intervals in the two 
parts also join smoothly. 

Like most statistical theory-based predictors, the 
performance of our extrapolated estimator Sn+m* de- 
pends on the range of the extrapolation. For a short- 
range prediction, the prediction bias with respect to the 
parameter E(Sn+m*) is negligible, but the magnitude of 
the bias increases when the prediction range becomes 
large. The variance of the extrapolation generally 
depends on the amount of data in the reference sample. 
If our goal is to rank the species richnesses among 
multiple communities, the extrapolated size in each 
sample could be extended to several times of the 
reference sample. However, for the goal of estimating 
how much richer one community is compared to 
another, we suggest that the extrapolation formula be 
applied at most only up to a doubling of reference 
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Fig. 2. Graphic comparison of the two expected species 
accumulation curves (SACs) in Fig. la. Assume that the sample 
size for each community is 100. Community A + B (dashed line, 
as in Fig. la) is the curve with the higher terminal slope, 0.29 (or 
the lower coverage = 0.71). The slope at m = 100 for 
Community A + B is approximately the same as the slope at 
m = 50 for Community A (as shown by the two parallel lines). 
Therefore, these two samples ( m = 50 for Community A and m 
= 100 for Community A + B) are equally complete. In this 
special case, the species richness (45) at m = 100 for Community 
A + B is approximately twice the species richness (22.5) at m = 
50 for Community A, as it should be. 

sample size. That is, we recommend ra* should not 
exceed n in Eqs. 7 and 9a. This means from Eq. 9b that 
the coverage deficit is reduced by an approximate factor 
no less than exp(- 2/2//i). 

Comparison of Multiple Samples 
If comparison is only based on rarefaction, we first 

construct the coverage-based rarefaction curve for each 
sample. Then we identify the curve with the lowest final 
sample coverage; all other samples have higher coverage 
and will have to be rarefied down to the coverage of this 
sample. On each of the other curves, we locate the point 
with the same coverage, and we find the species richness 
corresponding to that point. The set of species richnesses 
obtained in this way are based on equal-coverage 
samples, and can be legitimately compared with each 
other. With this curve in hand for each sample, we can 
choose any sample coverage desired (as long as it is less 
than the lowest coverage) and read off the correspond- 
ing species richnesses at that coverage for each of the 
samples being compared. 

Alternatively, we can use the traditional size-based 
rarefaction curves to rarefy to a fixed sample coverage. 
We find the rarefaction curve with the steepest terminal 
slope. All other rarefaction curves will have to be 
rarefied down until they match this steepest slope. Once 
the points of equal slope have been identified, the 
richnesses at those points can be compared, since they 

have equal coverages. See Fig. 2 for a numerical 
example. 

However, the above rarefaction-based comparison 
discards data and information from larger samples, and 
comparison can be made only up to the lowest 
coverage. By combining rarefaction and extrapolation, 
we can obtain a more informative comparison among 
multiple samples. We first construct for each sample 
the integrated coverage-based sampling curve up to a 
maximum coverage value, approximately 1 - (f'/n){(n 
- I )/,/[(« - l)/i + 2/2 ]}" + 1 - 1 - (1 - C„)exp(- 2/2// 1), 
corresponding to a doubling of the reference sample 
size (i.e., ra* < n in the predictor shown in Eqs. 7 and 
9a). We select the lowest among these maximum 
coverages as our "base coverage." We then obtain the 
estimated species richnesses of all communities at that 
base coverage; these estimates can be legitimately 
compared across communities. Similar comparison 
can be made for any coverage less than the base 
coverage. Finally, the bootstrap method (Appendix C) 
is used to construct 95% confidence intervals for the 
expected interpolated and extrapolated species rich- 
nesses, for any given sample coverage less than or 
equal to the base coverage. Currently, we do not 
consider the variation of our sample coverage estimator 
in constructing these confidence intervals, because our 
sample coverage estimator in Eqs. 4a, 4b, or 9a (for ra* 
< n) is generally accurate for large reference sample 
sizes. The effect of its variation on the confidence 
intervals and related inferences is thus limited. 

Based on 95% confidence intervals, rigorous statistical 
comparison can be performed not only for rarefaction 
but also for extrapolated richness values. For any fixed 
sample coverage less than or equal to the base coverage, 
if the confidence intervals do not overlap, then 
significant differences at a level of 5% among the 
expected species richnesses (whether interpolated or 
extrapolated) are guaranteed. Examples are provided in 
the next section. However, overlapped intervals do not 
imply nonsignificance (Schenker and Gentleman 2001). 
For any fixed coverage, typical multiple comparisons 
can be performed to test whether expected species 
richnesses are significantly different, but simultaneously 
comparing entire sampling curves needs further re- 
search. See Colwell et al. (2012) for details. 

Nevertheless, it is important to realize that the null 
hypothesis of no difference in expected richnesses will 
virtually always be false in real communities, so 
statistically significant differences can always be found 
if sample size is large enough. A more meaningful 
approach is to estimate an easily interpretable measure 
of the degree of difference between the richnesses of the 
communities at a given coverage, and provide confi- 
dence intervals for it. The richness ratio S1/S2 at fixed 
coverage is a good measure for this. Then the variance 
estimator for each estimated richness can be used to 
produce confidence intervals for their expected ratio. If 
the variance estimator for the estimated richness S¡ is 
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var(S¿), then the 95% confidence interval of the expected 
species ratio at the same coverage is (S1/S2) - 1-96 SE (S'/ 
§2), where SE(Si/S2) denotes an approximate standard 
error of S,/S2 and SE(.S',/.S'2) - (S,/S2)[var(S1)/5i + 
var (Š2)IŠ22Ý12. 

Applications 
We used two real ecological data sets to show how to 

construct coverage-based rarefaction and extrapolation 
curves using our analytic method. We have developed an 
R program (R Development Core Team 2008) to 
compute the proposed rarefaction/extrapolation curves 
and the associated 95% confidence intervals. The 
program will be implemented in iNEXT (interpolation/ 
extrapolation; available from the author). 

Example 1 
Janzen (1973a, b) tabulated many data sets of tropical 

foliage insects from sweep samples in Costa Rica. We 
selected two beetle data sets to compare beetle species 
richness between an old-growth forest site and a second- 
growth site. The data are given in Appendix F: Table 
Fl. In the Osa second-growth site, Janzen found 140 
species among 976 individuals; the number of singletons 
was f' = 70, and the number of doubletons was f2= 17. 
Based on Eq. 4a, the sample coverage estimate for the 
reference sample is 93% (SE = 0.74%). In the Osa old- 
growth site, there were 112 species, 237 individuals, and 
fx = 84, f2 = 10, yielding a coverage estimate of 65% (SE 
- 3.5%). 

In the raw data, fewer species (1 12 vs. 140) were found 
in the old-growth site than in the second-growth site in 
the reference samples; see Fig. 3a. Traditional size-based 
rarefaction analysis would draw the second-growth 
sample size down to 237 (Fig. 3b for a size of 237) 
and conclude that, for a standardized size of 237, the 
old-growth site has more species (112 vs. 70), but that 
the ratio of old-growth richness to second-growth 
richness is only 1.60. 

In Fig. 3a, we show the size-based rarefaction and 
extrapolation curves, which connect smoothly at the 
reference points. For the Osa second-growth site, the 
extrapolation is extended to a sample size of 2000 (about 
double of the reference sample size) based on our 
criterion for reliable extrapolation. For the Osa old- 
growth site, the extrapolation is extended to 500 (about 
double of the reference sample size) based on the same 
criterion. (Extrapolation beyond double the sizes of the 
reference samples theoretically could be computed, but 
they may be subject to some biases and should be used 
with caution in estimating species richness ratios or 
other measures. Colwell et al. [2012] extrapolated for 
this case to a much larger size of 1200 because their goal 
was mainly to rank species richnesses.) Since data are 
relatively sparse in the old-growth site, this extrapola- 
tion inevitably yields wider confidence intervals than 
those for the second-growth site for any fixed size. We 
can compute the beetle species richness ratio of the two 

sites for any sample size less than or equal to 500. We 
compare the ratio for three sample sizes (100, 237, and 
500) in Fig. 3b. Except for the initial small sizes, the old- 
growth and second-growth confidence intervals do not 
overlap for any sample size considered. This implies that 
beetle species richness for any sample size is significantly 
greater in the old-growth site than that in the second- 
growth site for sample size up to 500 individuals (Fig. 
3b). However, more important than the statistical 
significance is the estimate of the ratio of the old growth 
richness to the second growth richness. The richness 
ratios for these three sizes (100, 237, and 500 individuals) 
are 1.32 (SE = 0.07), 1.60 (SE = 0.10), and 1.92 (SE - 
0.16). All computational details are provided in 
Appendix F: Table F2. 

The sample coverage estimates show that these two 
samples have very different degrees of completeness. In 
the old-growth forest site, the sample only covers 65% of 
the population, whereas the sample in the second- 
growth site covers 93%. For the old-growth site, when 
the sample size is extended from 237 to 500 (as in Fig. 
3a), the sample coverage is extended from 65% to 73% 
(as in Fig. 3c) using the formula in Eq. 9a. Since the 
coverage for the reference sample in the second-growth 
site is 93%, our "base coverage" is 73%. In other words, 
if our goal is to compare these two sites, only rarefaction 
is needed in the secondary-growth site. However, if the 
goal is to predict the richness of the second-growth site, 
we can extend the size from 976 to 2000 as we did in the 
size-based approach. The coverage is extended from 
93% to 96%, only an increment of 3%. In Fig. 3c, we 
show the coverage-based rarefaction and extrapolation. 
We can compare the two sites for any community 
coverage less than or equal to 73%; for coverage higher 
than 73%, our data do not provide sufficient informa- 
tion to supply reliable information about the ratio of 
their richnesses. 

The three sample sizes considered in size-based 
comparisons (Fig. 3b) correspond to sample coverages 
of 0.55, 0.65, and 0.73 in the old-growth forest (the 
sample with the lower coverage), and the corresponding 
species richness ratios for these coverages are 2.56 (SE = 
0.13), 3.58 (SE = 0.23), and 4.68 (SE = 0.37), respectively 
(Fig. 3d). These ratios are much higher than those 
obtained in size-based sampling curves. For two equally 
complete samples of 55% coverage, the species ratio is 
2.56, while for two equally complete samples of 73% 
coverage, the species ratio increases to 4.68. Unlike the 
sized-based standardization in which size is determined 
by samplers, here the coverage-based standardization 
compares equal population fractions of each communi- 
ty. The population fraction is a community-level 
characteristic that can be reliably estimated from data. 
All computational details for coverage-based curves are 
provided in Appendix F: Table F3. Except for very low 
coverage values, the old-growth and second-growth 
confidence intervals do not overlap for any fixed 

This content downloaded from 140.114.36.228 on Tue, 26 Jan 2016 05:53:22 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


2542 ANNE CHAO AND LOU JOST Ecology, Vol. 93, No. 12 

Fig. 3. (a, b) Size-based rarefaction (solid curves) and extrapolation (dashed curves) and (c, d) the proposed coverage-based 
rarefaction/extrapolation curve with 95% confidence intervals (shaded areas, based on a bootstrap method with 200 replications) 
comparing beetle species richness in an old-growth forest site and a second-growth vegetation site (Janzen 1973«, b). Reference 
samples are indicated by solid black dots. For species richness, numbers are rounded to the nearest integer for display simplicity, 
but all significant figures were retained in all calculations. The species richness ratio is calculated for sample size m = 100, 237, and 
500 in panel (b). These three sample sizes correspond to sample coverages of 0.55, 0.65, and 0.73, respectively, in the old-growth 
forest (the sample with the lower coverage), and the three corresponding species richness ratios for these three coverages are shown 
in panel (d). See Appendix F (Tables F2 and F3) for computational details. The numbers in parentheses show the x- and >>-axis 
coordinates for each point. The small rectangles represent the 95% confidence interval of species richness specifically for three 
sample sizes in panel (b), and three sample coverage values in panel (d). 

coverage less than or equal to 73%, again implying 
significant differences in beetle species richnesses. 

Example 2 

Baker et al. (2002) surveyed bird richness and 
abundance in three types of habitats (woodland, heath, 
and ecotone) in South Australia. The reader is referred 
to Baker et al. (2002) for data details. We analyzed their 

data from the pure woodland and pure heath plots. In 
the woodland plot, there were 69 species, 2482 
individuals, f' = 12, f2 = 3, and an estimated sample 
coverage of 99.5% (SE = 0.13%). In the heath plot, there 
were 40 species, 1295 individuals, f' =6,f2 = 4, and an 
estimated sample coverage of 99.5% (SE = 0.18%). The 
two samples have nearly identical sample coverages. In 
Fig. 4a, we show the rarefaction curve for both plots, as 
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Fig. 4. (a, b) Size-based rarefaction (solid curves) and extrapolation (dashed curves) and (c, d) the proposed coverage-based 
rarefaction/extrapolation curve with 95% confidence intervals (shaded areas, based on a bootstrap method with 200 replications) 
comparing bird species richness in woodland and heath habitats (Baker et al. 2002). Reference samples are indicated by solid black 
dots. For species richness, numbers are rounded to the nearest integer for display simplicity, but all significant figures were retained 
in all calculations. Note that the extrapolation in the heath plot increases the sample coverage only 0.4% when the sample size is 
increased from 1295 to 2482. So the coverage-based extrapolation part in panels (c) and (d) is almost invisible. The species richness 
ratio is calculated for sample sizes m = 200, 500, and 1295 in panel (b). These three sizes correspond to sample coverage 0.935, 
0.977, and 0.995, respectively, in the woodland (the sample with the lower coverage), and the three corresponding species richness 
ratios for these three coverages are shown in panel (d). See Appendix F (Tables F4 and F5) for computational details. The numbers 
in parentheses show the x- and >>-axis coordinates for each point. The small rectangles represent the 95% confidence interval of 
species richness specifically for three sample sizes in panel (b), and three sample coverage values in panel (d). 

well as the extrapolation curve in the heath plot from 
size 1295 to 2482 (the reference sample size of the 
woodland plot). However, this extrapolation in the 
heath plot increases the sample coverage from 99.5% to 
99.9%, only a 0.4% increase. So the coverage-based 
extrapolation part in Fig. 4c and 4d is almost invisible. 
In the woodland plot, if the sample size is doubled, the 

coverage increases from 99.5% to 99.7%, only a 0.2% 
increase. Thus, we didn't extrapolate in the woodland 
plot, and our comparison will be focused on rarefaction 
of these samples. 

Traditional rarefaction analysis draws the sample size 
of the woodland plot down to 1295 (Fig. 4a, b) and 
concludes that, for a standardized count of 1295, the 
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woodland's estimated richness is 1.55 times that of the 
heath's (62 vs. 40 species). However, the two samples 
have almost identical sample coverage values (99.5%), 
implying they are equally complete. Therefore, the raw 
data by themselves can be directly compared. The 
estimated woodland richness is 1.73 times that of the 
heath (69 vs. 40 species). In the size-based rarefaction 
curve (Fig. 4b), the species richness ratios for sample 
sizes (200, 500, 1295) are, respectively, 1.48 (SE = 0.05), 
1.52 (SE - 0.06), and 1.55 (SE = 0.08). These sample 
sizes (200, 500, 1295) correspond to sample coverages of 
0.935, 0.977, 0.995 in the woodland site (the sample with 
the lower coverage), and the corresponding species 
richness ratios for these coverages are 1.71 (SE = 
0.05), 1.69 (SE - 0.06), and 1.73 (SE = 0.10), 
respectively. All computational procedures are parallel 
to those for Example 1 and are provided in Appendix F: 
Tables F4 and F5. 

Discussion 
The purpose of rarefaction and extrapolation is to 

make fair comparisons between incomplete samples. 
Although traditional size-based rarefaction and extrap- 
olation, in which the samples are all standardized to 
equal size, provides useful sampling information, we 
have argued that it is often more informative to 
standardize them to equal coverage. This ensures that 
we are comparing samples of equal quality and equal 
completeness, and allows us to make more robust and 
detailed inferences about the sampled communities. 

This coverage-based standardization dovetails very 
well with the way that ecologists actually choose the 
sample size for their studies. Ecologists normally take 
larger samples from more diverse communities, and 
smaller samples from communities with few rare species. 
Often sampling is continued until the slope of the 
rarefaction curve decreases to some predetermined value 
(as in Example 2 above; Schloss and Handelsman 2004, 
Tringe et al. 2005). Because the slope of the rarefaction 
curve equals the coverage deficit, the samples thus 
obtained from different communities will have equal 
coverages, so coverage-based standardization will not 
throw any of that data away. In contrast, traditional 
rarefaction based on sample size has no connection with 
this common and sensible sampling strategy, and will 
often require ecologists to throw away much of their 
hard-earned data, in reducing samples to the lowest 
common size. 

This method of comparing coverage-based samples 
from multiple communities has many other important 
advantages over traditional size-based method. Most 
important is that it gives more meaningful information 
about the degree of the differences in diversity among 
the communities being compared. In traditional size- 
based comparison, the ratio of the richnesses of the 
rarefied samples from any two communities is necessar- 
ily close to unity when one of the samples is small, and it 
will depend strongly on sample size if the communities 

differ greatly in diversity. That means we can't make an 
objective judgment about how much more diverse one 
community is compared to the other. Perhaps for this 
reason, ecologists have often limited themselves to 
merely ranking communities according to their rarefied 
richnesses, instead of estimating the magnitude of the 
differences in the diversities of the communities. Using 
coverage-based standardization, however, there is no 
intrinsic bias with respect to sample size in this diversity 
ratio, unlike the ratio produced by traditional size-based 
method. The estimated richnesses of the communities at 
fixed interpolated or extrapolated coverage obey a 
replication principle; when one community is unambig- 
uously K times as diverse as another (Hill numbers of all 
orders q for the first community are K times the 
corresponding Hill numbers for the second community), 
the ratio of their estimated richnesses is approximately 
K , even for very small sample sizes, and is approximately 
independent of sample size. This means ecologists can 
now go beyond ranking and discuss the more interesting 
question of the actual magnitudes of the differences in 
diversity between communities. Although in this paper 
we primarily focus on species richness ratio to charac- 
terize the degree of difference, all methods and 
discussion can be extended to other comparison 
criterion such as absolute or relative difference based 
on a fixed fraction of community individuals. 

Yet even for the limited question of ranking 
communities according to their true species richness, 
coverage-based standardization is superior to traditional 
standardization. If size-based sampling curves (rarefac- 
tion plus extrapolation) for two communities do not 
cross for any finite sample size greater than 1, then the 
two coverage-based curves also do not cross at any finite 
coverage less than 1 beyond the base point. The reverse 
is also true. Thus, the two types of curves always give the 
same qualitative ordering of species richness. If crossing 
occurs, then size-based and coverage-based curves have 
exactly the same number of crossing points, but we have 
proven that the coverage-based method is always more 
efficient (needing smaller sample sizes in each commu- 
nity) than the traditional method for detecting any 
specific crossing point. For example, suppose we have 
two communities: Community 1 includes 200 equally 
abundant species. Community 2 includes 400 species, 
but the community is dominated by only three species, 
and the relative abundance distribution is {0.2, 0.15, 
0.15, 0.00126 X 397}. For size-based SACs, both sample 
sizes must be at least 476 (952 individuals in total; 181 
species in both communities will be observed at this 
common size) to detect the correct ranking of the 
communities in terms of species richness. For coverage- 
based SACs, only an expected sample coverage of 0.66 
(sample size 216 from Community 1, and sample size 
314 from Community 2, 530 individuals in total; 132 
species) is needed to detect the correct ranking. Our 
methodology reduces the investigator's sampling effort 
by half. See Appendix G (Figs. G3 and G4) for the 
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Plate 1 . Unexpected evolutionary radiation of the orchid genus Teagueia Luer in the upper Rio Pastaza watershed near Baños, 
Ecuador. All are new species discovered in the last 12 years by Jost and his students. The most important sites for these and other 
local endemic species are now protected by a chain of private reserves established by the EcoMinga Foundation. Though this area 
has been sampled by botanists and zoologists for 150 years, new species (especially orchids and frogs) continue to be discovered at a 
high rate, showing that the sample coverage is only moderate for some taxonomie groups. Since there are many unseen species, the 
methods described in our paper would be needed to make fair comparisons between site richnesses. Photo credit: L. Jost. 

size- and coverage-based SACs for this example; the 
proofs for the conclusions in this paragraph, and more 
comparisons of the two types of standardizations, are 
also provided in that appendix. 

Nevertheless, it is important to reiterate that the main 
purpose of rarefaction and extrapolation (of either kind) 
is to make meaningful and statistically reliable compar- 
isons of well-defined subsets of each community, not to 
rank communities according to their true species 
richnesses (Lande et al. 2000). There is no way to be 
sure that species accumulation curves do not cross at 
sample sizes greatly exceeding the actual sample sizes or 
the extrapolated sizes. Thus, even though coverage- 
based standardization will find the correct ranking using 
smaller sample sizes than traditional standardization, we 
cannot know whether any given sample sizes are large 
enough to be past the crossing point(s). Even with 
extrapolation, there is never a guarantee that the 
ranking obtained will not reverse itself for very large 
sample sizes. Ranking according to true species richness 
is not statistically possible if all we have are limited 

samples; the best we can do is to establish lower bounds 
for the richnesses of each community (Bunge and 
Fitzpatrick 1993, Chao 2005). There can always be 
some vanishingly rare species hiding somewhere. 

We should not lose sleep over this. We can always 
estimate the coverage deficit of our samples, which tells 
us what proportion of the community's individuals are 
made up of those hidden species. The coverage (Good 
1953, Engen 1978, Bunge and Fitzpatrick 1993, Lande et 
al. 2000) and its deficit are the only aspects of 
unobserved or hidden species that can be accurately 
estimated by sample data. If the coverage deficit shows 
that the undetected species make up a vanishingly small 
proportion of the community's individuals, why worry 
about them? The richnesses returned by coverage-based 
methods (like those of size-based methods) are actually 
more like robust frequency-dependent diversity mea- 
sures, in that they are sensitive to the degree of 
dominance in the communities. This sensitivity decreases 
as sample size or coverage increases. Coverage-based 
curves therefore provide information about community 
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structure, somewhat like diversity profiles (Tóthmérész 
1995). See Appendix H for an example of inferences 
about community structure and some basic theoretical 
properties for coverage-based curves. 

Our presentation here is focused on the sampling 
curve produced by standardizing sample coverage when 
a sample of individuals is taken from a community. 
Gotelli and Colwell (2001) distinguished two types of 
rarefaction curves: individual-based (the sampling unit is 
an individual) and sample-based (the sampling unit is a 
sample or quadrat). The analytic rarefaction and 
extrapolation formulas proposed in this paper for 
standardizing sample coverage can be extended to 
handle sample-based data. This extension, with appli- 
cations, will be reported elsewhere. 

For coverage-based rarefaction, we have presented a 
graphical method (see Fig. 2), an analytic method, and a 
new algorithmic method. Algorithmic methods are 
flexible enough to estimate other quantities besides 
species richness for a fixed coverage level. This would 
permit calculation of many evenness and inequality 
measures (Ricotta 2003, Jost 2010), as well as other 
diversity measures for the fixed-coverage sample. Even- 
ness and inequality have always been difficult to 
measure because they are so sensitive to species richness, 
which is, in turn, very sensitive to sample size. However, 
their values on a fixed-coverage sample are well defined 
and can be estimated to any desired precision. We are 
currently working on the details of this approach. 
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Appendix A 
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An unbiased estimator for the expected sample coverage in coverage-based rarefaction {Ecological Archives E093-238-A2). 
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