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1 Estimation of Species Richness
and Shared Species Richness

Anne Chao and Chun-Huo Chiu

1.1 Introduction

Species richness (i.e., the number of
species) is the simplest and the most in-
tuitive measure for characterizing the di-
versity of an assemblage in biological sci-
ences. In biogeographic studies, species
range maps and local and regional floras
and faunas generally provide only species
presence-absence information for each lo-
cality. For these studies, species richness
thus becomes the only measure that can
be used to quantify diversity. Even when
species abundances are available, in conser-
vation analyses the actual species count in
an area is often the most relevant diversity
measure. Species richness is a special case
of a continuum of diversity measures that
vary in their sensitivity to species abun-
dances; it is the diversity of order 0 [53],
completely insensitive to abundances.

However, the compilation of complete
species inventories often requires extraor-
dinary efforts and is an almost unattain-
able goal in practical applications. There
are undetected species in almost every tax-
onomic survey or species inventory. The
observed number of species in samples in-
evitably underestimates the true species
richness (observed plus undetected). Both

theoretical and practical considerations
show that if there are many rare species
in a hyper-diverse assemblage, then it be-
comes statistically difficult to obtain an
accurate point estimate of species rich-
ness from small samples. The estimation
of species richness from samples has been
extensively discussed in the literature. The
topic is important for comparing assem-
blages in conservation and management
of biodiversity, for assessing the effects of
human disturbance on biodiversity, and
for making environmental policy decisions.
Various approaches have been proposed
and compared. See [8][15][36][50][52][67]
and [68] for reviews of species richness es-
timation. See also [2] and [96] for various
sampling aspects and relevant methodolo-
gies.

In addition to estimating the species
richness of assemblages of plants or ani-
mals, the techniques discussed here have a
wide range of applications in various other
disciplines, as will be outlined in Section
10.

Under any sampling scheme, the num-
ber of observed species in samples usu-
ally increases with the number of individ-
uals encountered, the number of samples
collected, or the area sampled. To control
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2 Estimation of Species Richness and Shared Species Richness

for this dependence when comparing the
sample richnesses of different assemblages,
ecologists often standardize sampling ef-
forts [51][52], or standardize sample com-
pleteness [1][63]. By using individual-based
or sample-based data, rarefaction is a tra-
ditional method to down-sample the larger
samples until they are the same size (the
same number of individuals or the same
number of sampling units) as the small-
est sample [58][85], and then the richnesses
of these samples with equal sampling ef-
forts are compared. A main disadvantage
of rarefaction is the loss of information in-
volved in when reducing the sizes of some
of the samples. Extrapolation solves this
problem. Based on an estimate of asymp-
totic species richness, extrapolation pre-
dicts richnesses of hypothetical samples
larger than the actual samples, instead of
smaller than the actual samples as in rar-
efaction [27][35][49][89] linked rarefaction
and extrapolation and showed that extrap-
olation can be reliable to about twice the
actual sample sizes. This allows for rigor-
ous statistical comparison not only for rar-
efied but also for extrapolated species rich-
ness values.

Compared with estimating species rich-
ness in a single assemblage, the estima-
tion of species richness shared by multi-
ple assemblages has received relatively lit-
tle attention. The number of shared species
among assemblages can be used to de-
scribe assemblage overlap and forms a ba-
sis to construct various types of beta di-
versity and similarity/dissimilarity mea-
sures [36][62][64][67]. These measures are
often used to quantify spatial or tempo-
ral variation in species composition, to
set conservation priorities or to evaluate
regional conservation plans. The applica-
tion of these measures will shed light on
the ecological factors that cause differen-
tiation between assemblages, and on the
factors which control stochastic genetic dif-
ferentiation between incompletely-isolated

subpopulations of a species. These topics
are among the most fundamental questions
in community ecology and in evolutionary
theory.

1.2 Traditional Curve-Fitting
Approaches

Traditional curve-fitting approaches to es-
timating species richness include the fol-
lowing:

(1) Using parametric curves to extrap-
olate a species-accumulation or species-
area curve to predict its asymptote, which
is used as an estimate of species rich-
ness. This approach has a long history
and various curves have been presented
[45]; a summary with discussion is pro-
vided in [15]. Among the proposed asymp-
totic functions are the negative exponen-
tial function, Weibull model, logistic equa-
tion, and the Michaelis-Menten equation.
This approach does not directly use infor-
mation on the frequencies of common and
rare species, but simply forecasts the shape
of the rising curve.

(2) Fitting a truncated parametric distri-
bution or functional form to the observed
species abundances to obtain an estimate
of species richness. The earliest approach
was proposed by Preston [82], who fitted
a truncated log-normal curve to the (prop-
erly grouped) frequencies and used the in-
tegrated value of the fitted curve over the
real line as an estimate of the total number
of species. Other truncated distributions
(e.g., negative binomial, geometric, Zipf-
Mandelbrot, logarithmic; see [67]) can also
be applied. Although this approach uses
information on the frequencies of common
and rare species, it simply fits a curve to
the observed frequency data.

The curve-fitting approaches generally
do not provide the variances of the re-
sulting estimates without further assump-
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tions on sampling theory. The advantages
and disadvantages of the curve-fitting ap-
proaches are shared by other sampling-
theory-based parametric approaches; see
later discussion.

1.3 Sampling-Theory-Based
Approaches

The work by Fisher, Corbet, and Williams
[44] provided the mathematical foundation
for statistical sampling-theory-based ap-
proaches to estimate species richness. Since
then, a large body of literature discussing
models and estimation under various sam-
pling plans has been published and applied
to many research fields. Below, we review
this sampling-theory approach separately
for two type of sampling data: individual-
based (abundance) data and sample-based
(incidence) data. For each type of data,
different sampling models and estimators
of species richness are reviewed. Because
sampling variation is an inevitable compo-
nent of biological surveys, it is equally im-
portant to assess the variance (or standard
error) of an estimator and provide a con-
fidence interval that will reflect sampling
uncertainty.

Two Types of Data Our notation and
terminology generally follow [35]. Consider
an assemblage consisting of N total indi-
viduals, each belonging to one of S dis-
tinct species. Let Ni (true species abso-
lute abundance) be the number of individ-
uals of the ith species in the assemblage,
i = 1, 2, . . . , S, Ni > 0, and N =

∑S

i=1
Ni.

The relative abundance pi of species i is
Ni/N , so that

∑S
i=1

pi = 1. Here N, S,Ni,
and pi represent the true underlying as-
semblage size, species richness of the as-
semblage, the abundance and the relative
abundance of the ith species. These param-
eters are unknown but can be estimated
based on a random sample from the assem-

blage. We distinguish between two sam-
pling data structures.

(1) Individual-based (Abundance)
Data In many biological studies (e.g.,
bird, insect, mammal and plant), it is of-
ten the case that one individual is ob-
served or encountered at a time and clas-
sified as to species identity. Assume that a
random sample of n individuals is taken
from the assemblage and a total of Sobs

species are observed. This basic sample is
referred to as a reference sample. This type
of data can be obtained by two different
sampling schemes. (a) Discrete-type sam-
pling in which sampling unit is an individ-
ual. For example, we sample 100 individ-
uals in a study area. Here sample size n
is fixed by design and each species can be
represented by at most n individuals. (b)
Continuous-type sampling in which sam-
pling efforts are measured in a continu-
ous scale such as time, area or water vol-
ume. For example, we sample 30 ha or 100
hours in a study area. Here the number of
observed individuals in this sampling pro-
tocol is a random variable and each species
can be represented by many individuals
without a limit.

Let Xi (sample species frequency) be
the number of individuals of the ith
species which are observed in the sample,
i = 1, 2, . . . , S. Only those species with
Xi > 0 are observable in the sample, and
∑S

i=1
Xi = n (only species with Xi > 0

contribute to the sum). Let fk (abundance
frequency counts), k = 0, 1, . . . , n, be the
number of species represented by exactly k
individuals in the reference sample. Thus,
we have n =

∑S

i=1
Xi =

∑

k≥1
kfk, and

Sobs =
∑

k≥1
fk. In particular, f1 is the

number of species represented by exactly
one individual (“singletons”) in the ref-
erence sample, and f2 is the number of
species represented by exactly two individ-
uals (“doubletons”). Also, f0 denotes the
number of undetected species in the ref-
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erence sample. Here “undetected species”
means species that are present in the as-
semblage of N individuals and S species,
but were not detected in the reference sam-
ple of n individuals and Sobs species. Be-
cause S = Sobs + f0, species richness esti-
mation is equivalent to the inference about
the number of undetected species f0.

(2) Sample-based (Incidence) Data.
In many biodiversity studies, the sam-
pling unit is not an individual, but a trap,
net, quadrat, plot, or timed survey. It is
these sampling units, and not the indi-
vidual organisms, that are actually sam-
pled randomly and independently. Quadrat
sampling provides an example in which
the study area is divided into a number
of quadrats with approximately the same
area, and a sample of quadrats is randomly
selected for survey. There are other exam-
ples: similar sampling is conducted by sev-
eral investigators, or trapping records are
collected over multiple occasions. Count-
ing the exact number of individuals for
each species appearing within each sam-
pling unit may often become impossible for
micro-organisms, invertebrates or plants.
In most cases, only their incidence (pres-
ence or absence) can be recorded. Estima-
tion is based on a set of sampling units
in which the incidence of each species is
recorded in each sampling unit instead of
its abundance. We use the general term
“sampling unit”in what follows to refer to a
quadrat, occasion, site, transect line, team,
occasion, a period of fixed time, a fixed
number of traps, or an investigator etc.
There is a natural time ordering among
temporally replicated samples, but such an
ordering does not exist in most of the other
types of sampling schemes.

The reference sample for incidence data
consists of a set of T sampling units. The
presence or absence of each species within
each sampling unit is recorded, to form a
species-by-sampling-unit incidence matrix

(Wij) with S rows and T columns. The
value of the element Wij of this matrix
is unity if species i is present in the jth
community, and zero if it is absent. The
row sum of the incidence matrix, Yi =
∑T

i=1
Wij denotes the incidence-based fre-

quency of species i, for i = 1 to S. Here, Yi

is analogous to Xi in the individual-based
abundance vector. Species present in the
assemblage but not detected in any sam-
pling unit have Yi = 0. The total number
of species observed in the reference sample
is Sobs (only species with Yi > 0 contribute
to Sobs).

For most applications, the sufficient
statistics from the species-by-sampling-
unit incidence matrix are the incidence
frequency counts (Q1, Q2, . . . , QT ) where
Qk denotes the number of species that
are detected in exactly k sampling units,
k = 0, 1, . . . , T. That is, Qk is the number
of species each represented exactly Yi =
k times in the incidence matrix sample.
For the incidence matrix,

∑T

k=1
kQk =

∑S
i=1

Yi, and Sobs =
∑T

k=1
Qk. Thus,

based on the terminology used in Colwell
and Coddington (1994), Q1 represents the
number of “unique”species (those that are
each detected in only one sampling unit)
and Q2 represents the number of “dupli-
cate” species (those that are each detected
in exactly two sampling units). The zero
frequency count Q0 denotes the number of
species among the S species in the assem-
blage that are not detected in any of the
T sampling units. Since S = Sobs + Q0,
species richness estimation is equivalent to
the inference about the number of unde-
tected species Q0.

1.4 Species Richness
Estimation
(Abundance Data)

Suppose n individuals (with n fixed in ad-
vance) are independently observed from
the study site. The commonly used model
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is the multinomial model. In this discrete-
type sampling, it is assumed that the sam-
pling procedure itself does not substan-
tially alter the species relative abundances
(p1, p2, . . . , pS). This assumption is fulfilled
if individuals are sampled with replace-
ment so that any individual can be repeat-
edly observed. If sampling is done with-
out replacement, so that any individual can
only be observed at most once in the sam-
ple, then a hypergeometric model is more
appropriate as will be discussed below. In
practice the two probability models differ
little when the biological populations being
sampled are sufficiently large and sample
size is small relative to population size.

Generally, species detection probabil-
ity or rate in any observation is a com-
bination of species abundance and indi-
vidual detectability, which is determined
by many possible factors (such as in-
dividual movement patterns, color, size,
and vocalizations). If we assume that
all individuals have the same detectabil-
ity, then the observed species frequen-
cies (X1, X2, . . . , XS) for given S and
(p1, p2, . . . , pS) follow a multinomial distri-
bution (The undetected species, i.e., Xi =
0, do not contribute to this likelihood.)

P (X1 = x1, X2 = x2, . . . , XS = xS)

=
n!

x1! . . . xS !
px1

1 px2

2 . . . pxS

S . (1)

In this special case, the species detection
rate for the ith species is simply the true
relative abundance pi = Ni/N . Individu-
als classified to the same species are often
indistinguishable and any individual may
be observed repeatedly, but the number of
individuals represented by any species is
at most n which is fixed by design. A more
general model assumes that the detectabil-
ity of any individual of the ith species is
θi > 0, which varies with species. Un-
der this general model, the species detec-
tion rate for the ith species in any in-
dividual becomes ψi = piθi/

∑S
k=1

pkθk,

i = 1, 2, . . . , S. Thus, a more general set-
ting is the following model that allows het-
erogeneous individual detectability:

P (X1 = x1, X2 = x2, . . . , XS = xS)

=
n!

x1! . . . xS !
ψx1

1 ψx2

2 . . . ψxS

S . (2)

Here, the sample frequency Xi of species
i is a binomial distribution with the de-
tection probability ψi being a normalized
product of species relative abundance pi

and individual detectability θi.
Assume that the assemblage is surveyed

by a continuous-type sampling efforts and
that the total amount efforts is increased
from 0 to A units. Since the number of
observed individuals of any species has no
upper limit, a common approach is based
on the Poisson model which can take value
from 0 to infinity. This approach can be
traced back to Fisher et al. [44], who as-
sumed that individuals of the ith species
arrive a sample according to a Poisson pro-
cess with a mean species occurrence or de-
tection rate Aλi, here λi represents the
mean rate per unit of effort. In some ap-
plications, the exact arrival times for each
individual are available, but in most bio-
logical samplings, only the frequencies of
discovered species are recorded, and these
frequencies would be sufficient for estimat-
ing species richness [74]. In this sampling
scheme, the sample size n (the number of
individuals observed in the experiment) is
a random variable and n can be any pos-
itive integer. The probability distribution
for the observed frequencies is a product-
Poisson distribution:

P (X1 = x1, X2 = x2, . . . , XS = xS)

=

S
∏

i=1

(Aλi)
xi
exp(−Aλi)

xi!
. (3)

(The undetected species, i.e., Xi = 0, do
not contribute to this likelihood.)

Although n is a random variable, we can
consider the conditional distribution of the
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frequencies (Xi, X2, . . . , XS) given n (here

n =
∑S

k=1
Xk). The conditional distribu-

tion is a multinomial distribution with cell
total n and cell probabilities λi/

∑S

k=1
λk,

i = 1, 2, . . . , S. In other words, infer-
ence under a multinomial model can be
regarded as a conditional procedure un-
der a product-Poisson model. If we as-
sume that the Poisson rate λi is propor-
tional to the product of species relative
abundance pi and individual detectabil-
ity θi, then this conditional multinomial
distribution is identical to the model in
Equation (2). This is also the reason that
many estimators are shared by both the
product-Poisson model under continuous-
effort sampling schemes and a multino-
mial model under discrete-effort sampling
schemes. Coleman’s [33] area-based model
is basically a special case of the product-
Poisson model. Coleman considered that
the reference sample is obtained by a sur-
vey in a specified site of area A. Within
this site, the ith species occurs at a species-
specific mean rate Aλi and the probability
distribution is same as that in Equation
(3).

Parametric or Likelihood-based
Models Fisher et al. [44] adopted a
parametric approach in their pioneering
work on species richness estimation. In
this approach, one assumes a parametric
distribution f(λ; θ), where θ denotes
a vector of parameters, for the species
detection rates (λ1, λ2, . . . , λS) in the
product-Poisson model (3) or for the
relative abundances (p1, p2, . . . , pS) in the
multinomial model (1). Most parametric
approaches are based on the product-
Poisson model (3) under a continuous
sampling framework. When S is large
and unknown, it is statistically difficult
to deal with inference problems with so
many parameters such as (λ1, λ2, . . . , λS).
Assuming a parametric distribution for
(λ1, λ2, . . . , λS), we see that the whole

inference problem is reduced to the esti-
mation of S and θ, so that usual inference
procedures can be applied. This is a main
advantage of parametric approaches.

If the distribution f(λ; θ) is a degenerate
distribution with all probabilities at a fixed
point λ, then this reduces to a homoge-
neous model (with equal detection rates for
all species) with λ1 = λ2 = . . . = λS = λ.
Although this homogeneous model is rarely
valid in practice, it provides a starting
framework for species richness estimation
and has been discussed extensively in the
literature [15]. An approximate maximum
likelihood estimator (MLE) under the ho-
mogeneous model is the solution Ŝ of the
following equation:

Sobs = Ŝ[1− exp(−n/Ŝ)], (4a)

with an asymptotic variance estimator for
the solution Ŝ

ˆvar(Ŝ) ≈ Ŝ/[exp(n/Ŝ) − (n/Ŝ) − 1].

A highly efficient estimator which can be
regarded as a coverage-based estimator for
the special case of a homogeneous model is
[39]

Ŝ0 = Sabun +
Srare

Ĉrare

, (4b)

where Sabun =
∑

i>κ fi, and Srare =
∑κ

i=1
fi. Here Ĉrare = 1 − fi/

∑κ
i=1

ifi

is an estimate of “sample coverage” for
rare species group (see “Non-parametric
Approaches” for details). The value κ is
a cut-off point which separates the ob-
served frequencies into “abundant” and
“rare” species groups. The choice of κ will
be discussed below. Confidence interval of
species richness based on the MLE or Ŝ0

can be constructed by using an asymptotic
variance and a log-transformation so that
the lower bound of the interval is not less
than Sobs [13][29].

To formulate the parametric theory un-
der a general distribution f(λ; θ), we first
construct the likelihood function of S and
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θ based on both observed and undetected
species. For any mixing density f(λ; θ), de-
fine pθ(k), k = 0, 1, . . . as the probability
that any species is observed k times in the
sample, then from Equation (3) we have

pθ(k) =

∫ ∞

0

(Aλ)k exp(−Aλ)

k!
f(λ; θ)dλ,

(5a)
and E(fk) = Spθ(k). Consider that each
species can be classified into any of the
following disjoint categories: undetected,
detected once, detected twice,. . .etc. Then
the likelihood function for S and θ from all
species can be written as

L(S, θ) =
S!

(S − Sobs)!
∏

k≥1
fk!

× [pθ(0)]
S−Sobs

∏

k≥1

[pθ(k)]
fk .

(5b)

The species richness estimation thus re-
duces to an inference with parameters S
and θ, and traditional estimation proce-
dures can be applied. For example, the
unconditional maximum likelihood estima-
tor (UMLE) and its asymptotic variance
are obtained based on the above full like-
lihood (5b). A conditional (on Sobs) max-
imum likelihood estimator (CMLE) is of-
ten more convenient to obtain as follows.
Note that likelihood (5b) can be factored
as L(S, θ) = Lb(S, θ)Lc(θ),

Lb(S, θ) =
S!

(S − Sobs)!Sobs!
[1 − pθ(0)]Sobs

× [pθ(k)]N−Sobs , (5c)

and

Lc(θ) =
Sobs!

∏

k≥1
fk!

∏

k≥1

[

pθ(k)

1 − pθ(0)

]fk

.

(5d)

where Lb(S, θ) is a likelihood with respect
to Sobs, a binomial (S, 1 − pθ(0)), and
Lc(θ) is a multinomial likelihood with re-
spect to {fk; k ≥ 1} with cell total Sobs and

zero-truncated cell probabilities pθ(k)/[1−
pθ(0)], k ≥ 1 The first likelihood Lb(S; θ)
results in the CMLE ŜCMLE = Sobs/[1 −

pθ(0)], where θ̂ maximizes the second like-
lihood Lc(θ) [84]. Both types of MLE’s can
also be regarded as empirical Bayes estima-
tors if we think of the mixing distribution
as a prior having unknown parameters that
must be estimated.

Fisher et al. [44] adopted a two-
parameter gamma distribution with
θ = (τ, β) and density f(λ; τ, β) =
β−τλτ−1exp(−λ/β)/Γ(τ ), i.e., the
gamma-Poisson or gamma-mixed Poisson
model. Since the squared coefficient of
variation of this gamma distribution is
1/τ , the parameter τ measures inversely
the degree of heterogeneity among species
detection rates. The pθ(k), or equivalently
E(fk), k = 0, 1, 2,. . . correspond to
individual terms of a negative-binomial
distribution.

pθ(k) =
Γ(k + τ )

Γ(k + 1)Γ(τ )
(

β

1 + β
)k(

1

1 + β
)τ ,

k = 0, 1, 2, . . .

In the special case of τ = 1 (i.e., f(λ; θ) is
an exponential distribution), the model is
equivalent to a broken-stick model ([79], p.
285). In this case, the pθ(k), k = 0, 1, 2, . . .,
correspond to the terms of a geometric dis-
tribution. Define x = β/(1 + β) and α =
S/[−log(1 − x)] (Fisher’s alpha). Given
k > 0, as τ tends to 0 (i.e., the de-
gree of heterogeneity among species de-
tection rates tends to infinity), we have
pθ(k) → xk/{k[−log(1 − x)]}, or equiv-
alently, E(fk) → αxk/k, the well-known
Fisher’s log-series model. But this model
does not yield an estimate of species rich-
ness ([79], p. 274). Fisher’s alpha has been
used as an informative diversity measure.
Based on sample data, Fisher’s α and the
parameter x in the log-series model can
be solved from the two equations: Sobs =
−α log(1−x) and n = αx/(1−x). Thus two
data sets with the same sample size and the
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observed numbers of species would result
in the same Fisher’s α estimate. That is,
Fisher’s α completely ignores the species
sample frequencies.

Other parametric models include the
log-normal [7], inverse-Gaussian [77], and
generalized inverse-Gaussian [91]. The
chief weakness of these methods is that
simulations show that they work well only
when the correct form of the species de-
tection rates is already known (e.g., [76]),
but this is never the case for empirical
data. Another weakness is that extensive
iterative procedures are required to find
the UMLE and CMLE, and in some cases
the iterative steps fail to converge to a
value and thus the UMLE or CMLE may
not be obtainable. Chao and Bunge [16]
proposed an explicit estimator under the
gamma-Poisson model:

Ŝ = Sabun +

κ
∑

i=2

fi/

[

1 −
f1

∑κ
i=1

i2fi

(
∑κ

i=1
ifi)2

]

,

(6)

where Sabun and the cut-off point κ are de-
fined as in (4b). A variance estimator is ob-
tained by a standard asymptotic method;
see [16].

By assigning various priors for parame-
ters (S, α, β) in a gamma-Poisson model,
a fully Bayesian hierarchical approach was
proposed in [83]. Complicated calculations
are handled by computer-intensive algo-
rithms through the use of Gibbs sampling,
a Markov Chain Monte Carlo method. The
reader is referred to the above reference
and [3] for previous work in the Bayesian
direction.

One can also assume a parametric
distribution for the relative abundances
(p1, p2, . . . , pS) in the multinomial model
(1). For example, to characterize the the-
oretical patterns, a functional form is se-
lected to model the relative abundances
(p1, p2, . . . , pS). The most popular func-
tional forms include the geometric pi ∝

α(1 − α)i−1 and the Zipf-Mandelbrot law

pi ∝ (1 + α)−θ, where α and θ are pa-
rameters. Although these types of mod-
els can produce species richness estimates
[8], they are mainly useful for describ-
ing the features of abundant species espe-
cially for applications in linguistics. More-
over, simulation studies have shown that
the estimators derived from these mod-
els do not perform satisfactorily [9]. A
random-parameter model assuming that
(p1, p2, . . . , pS) follows a Dirichlet distribu-
tion leads to a broken stick model as de-
scribed earlier.

A difficulty shared by the curve-fitting
and parametric approaches lies in the se-
lection of a parametric function or distribu-
tion. Two models with different paramet-
ric functions or distributions may fit the
data equally well, but they yield widely dif-
ferent estimates. Also, a parametric model
which gives a good fit to the data does not
necessarily result in a satisfactory species
richness estimate. These approaches do not
work well in comparisons with empirical or
simulated data sets; see [52] and [50]. An-
other drawback is that the parametric ap-
proaches are difficult to generalize to deal
with shared species richness in multiple as-
semblages.

Non-parameteric Approaches The
above concerns have led to non-parametric
approaches, which avoid making as-
sumptions about species detection rates
or species abundance distributions. We
mainly focus on the Chao1 and ACE-type
estimators and briefly review the jackknife
and non-parametric maximum likelihood
estimator (NPMLE) approaches (see [15]
for other methods):

Estimator by Chao [12] If there are
many undetectable or “invisible” species
in a hyper-diverse assemblage, then it will
be impossible to obtain a good estimate
of species richness. Therefore, a reliable
lower bound for species richness is often of
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more practical use than an imprecise point
estimate. Based on the concept that rare
species carry the most information about
the number of undetected species [47], the
Chao1 estimator uses only the numbers
of singletons and doubletons (and the ob-
served richness) to estimate the number
of undetected species and obtain a lower
bound for species richness [12].

The Chao1 lower bound was originally
derived under the multinomial model given
in Equation (1) in which each species’ de-
tection probability is just its relative abun-
dance, and all individuals of all species
have the same detectabilities. It is actually
also valid under the more general model
given in Equation (2) in which individu-
als’ detectabilities can vary from species to
species. We review how the Chao1 esti-
mator is derived from this latter model,
under which the distribution of sample
frequency Xi is a binomial distribution
with a species-specific probability ψi =
piθi/

∑S
k=1

pkθk. Then for k = 0, 1, . . .

P (Xi = k) =

(

n

k

)

ψk
i (1 − ψi)

n−k. (7a)

This gives

E(fk) =

S
∑

i=1

P (Xi = k)

=

S
∑

i=1

(

n

k

)

ψk
i (1 − ψi)

n−k. (7b)

In particular, the expected number of un-
detected species, singletons and doubletons
are respectively:

E(f0) =
S

∑

i=1

(1 − ψi)
n, (8a)

E(f1) =

S
∑

i=1

nψi(1 − ψi)
n−1, (8b)

E(f2) =

S
∑

i=1

(

n

2

)

ψ2
i (1 − ψi)

n−2. (8c)

The Cauchy-Schwarz inequality leads to

[

S
∑

i=1

(1 − ψi)
n

] [

S
∑

i=1

ψ2
i (1 − ψi)

n−2

]

≥

[

S
∑

i=1

ψi(1 − ψi)
n−1

]2

. (9)

Combining (8a), (8b), (8c) and (9), we
then obtain a theoretical lower bound for
E[f0] :

E(f0) ≥
(n− 1)

n

[E(f1)]
2

2E(f2)
.

The term (n − 1)/n in the above can be
dropped if n is large enough. Replacing the
expected values by the observed data, we
have the following estimator which is re-
ferred to as the Chao1 estimator in ecolog-
ical literature (e.g., [36] ):

ŜChao1 = Sobs + f2
1 /(2f2), if f2 > 0

= Sobs + f1(f1 − 1)/2, if f2 = 0
(10)

with an associated variance estimator (if
f2 > 0) [13]:

ˆvar(ŜChao1)

= f2

[

1

2
(
f1
f2

)2 + (
f1
f2

)3 +
1

4
(
f1
f2

)2
]

. (11a)

If f2 = 0, the variance formula (11a) be-
comes:

ˆvar(ŜChao1) =
f1(f1 − 1)

2

+
f1(2f1 − 1)2

4
−

f4
1

4ŜChao1

. (11b)

Under many classes of species detection
rates, the lower bound is very sharp if the
reference sample size is large enough[17].
This justifies the use of the Chao1 esti-
mator as a valid point estimator of species
richness for large n. A confidence interval,
which indicates the possible range of the
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true species richness, is constructed by us-
ing the variance estimator (11a) and (11b)
and a log-transformation [13].

The Chao1 estimator may be useful for
data sets in which it is too time-consuming
to count the frequencies of all abundance
classes, but it is relatively easy to count
just the number of singleton and double-
ton species. The Chao1 estimator is intu-
itive and very easy to calculate, and of-
ten perform just as well as more complex
asymptotic estimators. The Chao1 estima-
tor is featured in several computer software
packages (see Section 11).

Recently, the Chao1 estimator is ex-
tended to deal with data for sampling with-
out replacement [24], in which sampling
units cannot be repeatedly observed. For
example, the model in Equation (1) be-
comes a generalized hypergeometric distri-
bution with a known population size N ,

P (Xi = xi, i = 1, 2, . . . , S)

=

(

N1

x1

)(

N2

x2

)

. . .

(

Ns

xS

)

/

(

N

n

)

.

The Chao1 estimator under this model
is generalized to

ŜChao1.wor = Sobs +
f2
1

n
n− 12f2 +

q
1 − q f1

,

(12)

where the subscript “wor” refers to “with-
out replacement”, and q = n/N denotes
the known sampling ratio (the ratio of sam-
ple size to the population size). A similar
generalization can be made for the model
(2) and the resulting estimator is identical
to the estimator (12). When only a small
portion of individuals are taken from the
entire universe of N individuals in the as-
semblage, so that the sample fraction q ap-
proaches zero, the lower bound approaches
the Chao1 estimator. On the other hand,
when q approaches 1 so that all individuals

are observed, q/(1− q) approaches infinity
and our lower bound reduces to the num-
ber of observed species, which equals the
true parameter when all individuals have
been observed.

The ACE [23][26][21] The concept of
“sample coverage” was originally devel-
oped for cryptographic analyses during
World War II by the founder of modern
computer science, Alan Turing, and by his
colleague I. J. Good [47][48]. Under the
multinomial model given in Equation (1),
the “coverage” of a sample is mathemat-
ically defined as C =

∑S

i=1
piI(Xi > 0),

where I(A) = 1 if A is true and I(A) = 0
otherwise. That is, the sample coverage
represents the proportion of the total num-
ber of individuals in an assemblage that be-
long to the species represented in the sam-
ple. It is a reliable measure of the degree
of sample completeness. Subtracting the
sample coverage from unity gives the prob-
ability that a new, previously-unsampled
species would be found if the sample were
enlarged by one individual. This concept
has played an essential role in species rich-
ness estimation [15][23].

Contrary to most people’s intuition,
Good and Turing discovered that sample
coverage can be very accurately and effi-
ciently estimated using only information
contained in the sample itself, as long as
the sample size is reasonably large. A ro-
bust estimate of the coverage of a sample
of size n is simply 1 − f1/n, where f1 is
the number of singletons as defined ear-
lier [47][48]. Based on the concept of sam-
ple coverage, the Abundance-based Cov-
erage Estimator (ACE) was developed by
Chao and Lee [23] and Chao et al. [21]
under the model (1) and a similar ACE
was derived by Chao et al. [26] under the
product-Poisson model (3). The two mod-
els yield almost identical ACE estimates
due to the close relationship between the
product-Poisson model and the multino-
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mial model.

Here we present the ACE under the
multinomial model (1). It is assumed in
this approach that the species detection
probabilities are fully characterized by
their mean p = 1/S and CV (coefficient of
variation). The squared CV, γ2, is defined

as γ2 = [S−1
∑S

i=1
(pi − p)2]/p2. The CV

parameter is used to characterize the de-
gree of heterogeneity. The larger the CV,
the greater the degree of heterogeneity
among species detection probabilities. The
CV vanishes if and only if the community
is homogeneous.

To apply the concept of sample cover-
age to species richness estimation, we need
to specify a cut-off value κ which sepa-
rates frequencies into “rare” and “abun-
dant” groups. The reasons for such a
separation are mainly because (i) only
rare species carry information about unde-
tected species; and (ii) the parameter CV
is very difficult to estimate for a highly
heterogeneous assemblage, restricting in-
ference to the “rare” species gives a more
stable estimate of CV. The cut-off κ = 10
works well with many empirical data sets.
However, for highly heterogeneous assem-
blages so that the data exhibit a long tail of
frequencies, the cut-off κ = 10 may be too
low. In this case, we suggest the use of a
data-dependent cut-off κ = n/Sobs, which
is the species average frequency. Thus, our
recommendation can be summarized as in
one rule as κ = max(10, n/Sobs). As de-
fined in (4b), Sabun =

∑

i>κ fi denotes
the total number of observed species in the
abundant species group, and the number of
observed species in the rare species group
is Srare =

∑κ
i=1

fi. The Good-Turing cov-
erage estimate for the rare species group
becomes Ĉrare = 1 − f1/

∑

i≤κ ifi. The
basic idea in the ACE is to account for
the heterogeneity by adjusting the estima-
tor Sabun + Srare/Ĉrare (an estimator un-
der a homogeneous model; see Equation

4b). The ACE is expressed as:

ŜACE = Sabun +
Srare

Ĉrare

+
f1

Ĉrare

γ̂2
rare,

(13a)

where γ̂2
rare is the square of the estimated

CV and

γ̂2
rare =max{

Srare

Ĉrare

∑κ
i=1

i(i− 1)fi
∑κ

i=1
ifi

×
1

(
∑κ

i=1
ifi − 1)

− 1, 0}. (13b)

From the last term in the ACE, it is then
readily seen that if heterogeneity exists,
then the estimator which ignores the het-
erogeneity would have negative bias and
the magnitude of the negative bias is pro-
portional to the magnitude of heterogene-
ity. For highly heterogeneous assemblages,
γ̂rare in (13b) generally underestimates. A
modified CV estimate was derived in [23]
and the resulting estimator called ACE-1
has the following form:

ŜACE-1 = Sabun +
Srare

Ĉrare

+
f1

Ĉrare

γ̃2
rare,

(14a)

where

γ̂2
rare =max{ŜACE

∑κ
i=1

i(i− 1)fi
∑κ

i=1
ifi

×
1

(
∑κ

i=1
ifi − 1)

− 1, 0}. (14b)

Approximate variance for the ACE and
ACE-1 can be obtained based on a stan-
dard asymptotic approach [23][26]. The
variance estimators are then used to con-
struct confidence intervals of species rich-
ness via a log-transformation. Although
the above presentation for ACE and ACE-
1 is under the model in Equation (1), its
validity under the general model in Equa-
tion (2) and the product-Poisson model in
Equation (3) can be shown by parallel ar-
guments.
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The Jackknife Estimator [10] Jack-
knife techniques were developed as a gen-
eral method to reduce the bias of a biased
estimator. Here the biased estimator is the
number of species observed in the sample.
The basic idea with the jth order jackknife
method is to consider sub-data by succes-
sively deleting j individuals from the data.
The first-order jackknife turns out to be

Ŝjk1 = Sobs +
n − 1

n
f1

≈ Sobs + f1. (15a)

That is, only the number of singletons is
used to estimate the number of undetected
species. The second-order jackknife estima-
tor, which uses singletons and doubletons,
has the form:

Ŝjk2 = Sobs +
2n− 3

n
f1 −

(n − 2)2

n(n− 1)
f2

≈ Sobs + 2f1 − f2. (15b)

Higher-order jackknife estimators are avail-
able. All estimators can be expressed as lin-
ear combinations of frequencies and thus
variances and confidence intervals can be
obtained [10].

Non-parametric MLE [75][94] A
mixed Poisson model with a non-
parametric mixing distribution F is con-
sidered in this approach. Replacing pθ(k)
in (5a) by pF (k) =

∫

[e−Aλ(Aλ)k/k!]dF (λ)
for k = 0, 1, . . ., we see the likelihood can
be expressed as a function of S and the
distribution F . This approach need not
specify a parametric form for F , but to
evaluate the NPMLE of F . The NPMLE
turns out to be a finite mixture of point
masses. This is equivalent to dividing the
species detection rates into several classes,
with the rates in each class being identical.
Complex computation procedures (EM
algorithm, penalized likelihood approach,
cross-validation, or bootstrap method)
are involved to obtain point and interval

estimators. See [4] for real data analysis
and [94] for a recent update along this
direction.

Example 1 (Simulated Plant Abun-
dance Data) An ideal test for compar-
ison of various estimators is to examine
their performance on real data sets with
known parameters. Although such data
sets exist for incidence data (see Example
2 below), proper abundance data sets with
known species richnesses are not available
to us. We therefore investigate their per-
formance and behavior for simulated data
generated from an assemblage with known
species richness. We treated the 150-year
field observations [73] for endangered and
rare vascular plant species in the central
portion of the southern Appalachian re-
gion as the true entire assemblage. The
species-abundance distribution for this sur-
vey is reproduced in Table 1; a total of 188
species were recorded out of 1008 individu-
als. The assemblage from which data were
generated thus includes 188 species, and
there are 61 species with a relative abun-
dance of 1/1008, 35 species with an abun-
dance of 2/1008,. . . etc. The CV value for
this distribution is 1.56, which indicates
a relatively high degree of heterogeneity
among species abundances.

We conducted a simulation experiment
by selecting individuals with replacement
from this species abundance distribution.
We consider the multinomial model given
in Equation (1): all individuals are as-
sumed to have the same detectabilities
so that the detection probability of any
species is equal to its relative abundance.
In our experiment, 100 simulated samples
of size n = 500 were generated from the
assumed assemblage. The expected num-
ber of species observed in a sample of size
500 is about 131. For each simulated sam-
ple, we used the SPADE program to ob-
tain species richness estimates and their
estimated s.e’s computed from an asymp-
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Table 1: Abundance frequency counts of the extant rare vascular plant species (188 species,
1008 individuals) in the southern Appalachians [73].

i 1 2 3 4 5 6 7 8 9 10 11 12 13
fi 61 35 18 12 15 4 8 4 5 5 1 2 1

i 14 15 16 19 20 22 29 32 40 43 48 67

fi 2 3 2 1 2 1 1 1 1 1 1 1

totic method. In Table 2, we present the
average estimates and their average s.e.’s
over 100 simulated samples for each of the
following estimators: two estimators under
a homogeneous model, Chao1 estimator,
ACE, ACE-1, first-order and second-order
jackknife estimators, and three parametric
estimators (UMLE, CMLE and Chao and
Bunge 2002 estimator) under a gamma-
Poisson model. Since all species frequencies
in any generated samples are less than 10,
a cut off =10 implies that we used all sam-
ple frequencies to compute ACE and ACE-
1. For each estimator, the resulting 100
estimates were then used to compute the
sample s.e. and sample root mean squared
error (RMSE), where RMSE is the square
root of mean squared error (MSE, the sum
of variance and squared bias). The sample
s.e. quantifies the variation of an estima-
tor and thus is a measure of precision. The
sample RMSE quantifies the distance be-
tween an estimator and the true param-
eter, and thus is a measure of accuracy.
The SPADE program also outputs a 95%
confidence interval for each generated data
set. Out of the resulting 100 intervals, the
percentage that the 100 intervals cover the
true value is also shown for each estimator
in the last column of Table 2.

A satisfactory estimator should have
small bias, small RMSE, and the coverage
probability of the associated confidence in-
terval should be close to the nominal confi-
dence level (95% in our case). The two esti-
mates under a homogeneous model (150.6

and 134.6), which ignore the heterogene-
ity among species abundances, have se-
vere negative biases, leading to large val-
ues of RMSE. In contrast, all three para-
metric estimates (Chao and Bunge 2002
estimator, UMLE and CMLE) under a
gamma-Poisson model exhibit positive bi-
ases. Their low precision causes low ac-
curacy and overly conservative confidence
intervals.

The Chao1 estimator (171.2 with s.e.
15.38) is slightly negatively biased (bias is
about 7.7%) and behaves as a tight lower
bound of species richness. The ACE (174.1
with s.e. 13.15) with a cut-off point of
10 exhibits similar behavior as the Chao1
estimator. Since the heterogeneity among
species abundances is relatively high, it is
expected that the ACE-1 with the same
cut-off point is preferable to the ACE. Ta-
ble 2 shows that the ACE-1 (187.2) has
the lowest bias among the estimators con-
sidered in Table 2. For these data, the
two jackknife estimators also perform sat-
isfactorily as compared with the ACE and
ACE-1. Although the first-order jackknife
exhibits the smallest RMSE, the coverage
of its confidence interval is much lower than
the anticipated nominal value of 95%. The
ACE-1 performs best in terms of bias and
interval coverage probability (96%). For
the Chao1, ACE and ACE-1, the average
s.e.’s based on an asymptotic method (in
column 4) are generally close to the sam-
ple s.ev̇alues (in column 5), implying the
asymptotic method produces satisfactory
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Table 2: Comparison of various species richness estimates based on 100 simulation samples
of size 500 from the Appalachian plant abundance frequency distribution. True species
richness = 188. All estimates are based on the SPADE output.

Equation
Estimator/Model number Average Average Sample Sample 95% C.I.

in text estimate s.e. s.e. RMSE coverage

Homogeneous Model (4b) 150.6 6.07 8.04 38.21 0
Homogeneous (MLE) (4a) 134.6 1.93 6.12 53.77 0
Chao1 (Chao, 1984) (10) 171.2 15.38 15.50 22.79 0.84

ACE (Chao & Lee, 1992) (13a) 174.1 13.15 12.74 18.82 0.86
ACE-1 (Chao & Lee, 1992) (14a) 187.2 19.26 17.63 17.56 0.96

1st order jackknife (15a) 177.2 9.58 9.82 14.59 0.88
2nd order jackknife (15b) 195.4 16.54 15.94 17.49 0.85

Gamma-Poisson
(Chao & Bunge, 2002) (6) 205.1 35.29 33.35 37.34 0.97
Gamma-Poisson-UMLE (5b) 207.0 43.30 41.03 45.05 1.00
Gamma-Poisson-CMLE (5c) 208.7 47.51 32.72 39.56 0.99

estimated s.e.s for these data.

1.5 Species Richness
Estimation (Incidence
Data)

For sample-based data, the reference sam-
ple consists of a species-by-sampling-unit
incidence matrix. This S × T matrix is
similar to a capture-recapture matrix for
estimating the size of an animal popula-
tion. There is a simple analogy between
species richness estimation for a multiple-
species assemblage and population size es-
timation for a single species. An “indi-
vidual”animal in capture-recapture stud-
ies corresponds to a “species”in the rich-
ness estimation. The estimating target in
the former is population size and in the
latter is species richness. Also, the cap-
ture probability in a capture-recapture ex-
periment corresponds to species detection
probability, which is defined as the chance
of encountering at least one individual of
a given species. Therefore, the estima-
tion techniques in the capture-recapture

technique can be directly applied to es-
timate species richness. The major differ-
ence is that in population studies individu-
als are often not distinguishable from each
other, thus animals are often captured and
tagged or marked in order to have individ-
ual capture records, but in species rich-
ness estimation species are easily classi-
fied from sighting. Comprehensive reviews
of methodology and applications are pro-
vided by [2][87][88], and short overviews
specifically on population size estimation
are given in [14][19] and [20].

Most developments in incidence data
are based on a sequence of useful mod-
els proposed by Pollock [81] for analyz-
ing capture-recapture data. We formulate
these models in terms of species richness
estimation. Three sources of variations in
species detection probability are consid-
ered: (i) model M t, which allows species
detection probabilities to vary by time or
sampling unit; (ii) model M b, which al-
lows behavioral responses to previous de-
tection records; and (iii) model Mh, which
allows heterogeneous detection probabili-
ties among species. Various combinations
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of the above three variations (i.e., mod-
els M tb, M th, M bh and M tbh) and the
model M0, in which no variation exists,
are also considered. A large number of sta-
tistical estimation methods have been pro-
posed in the capture-recapture literature.
These estimators rely on many different
approaches: the maximum likelihood, the
jackknife method, the bootstrap method,
log-linear or generalized log-linear models,
Bayesian methods, mixture models, sample
coverage procedures, and martingale esti-
mating functions [15][87][88]. Some of the
models have been used [5][11][96] to esti-
mate species richness.

Models with behavioral response (i.e.,
models M b, M bh, M tb and M tbh) allow
the detection probability of any species to
depend on whether the observer has al-
ready recorded it in “previous” sampling
units. Thus ordering is implicitly involved
in these four models. Almost all estimation
procedures derived under these models de-
pend on the ordering of the samples. These
models are thus useful only for tempo-
rally replicated samples, especially when
the sampling is conducted by a single inves-
tigator or when only data on the accumula-
tion of previously undiscovered species are
used. Therefore, models M t, Mh and M th

are more potentially useful for species es-
timation. Since heterogeneity is expected
in natural communities, this leaves models
Mh and M th.

A multiplicative form of model M th as-
sumes that the detection probability Pij,
the probability of detecting the ith species
in the jth sampling unit, has the form
Pij = πiej , 0 < πiej < 1; here the pa-
rameters {e1, e2, . . . , eT }, {π1, π2, . . . , πS},
are used, respectively, to denote the un-
known sampling-unit effects and hetero-
geneity pattern. The latter is mostly deter-
mined by species abundance structure and
individual detectabilities whereas the for-
mer is closely related to sampling efforts,
quadrat area, sampling method, landscape

and other environmental variables associ-
ated with each sampling unit. When the
sampling-unit effects can be assumed to be
identical (e.g, equal-size quadrats, equal-
effort sampling with similar protocols), this
model reduces to model Mh, i.e., Pij = πi.

Here
∑S

i=1
πi may be greater than 1. (For

example, the detection probability of the
first species might be 0.6 and for the sec-
ond species 0.7). Model Mh assumes that
the ith species has its own unique detection
probability πi that remains constant over
sampling units. That is, each element Wij

in the incidence matrix is a Bernoulli ran-
dom variable (since Wij = 0 or Wij = 1),
with probability πi that Wij = 1 and prob-
ability 1−πi thatWij = 0. The probability
distribution for the incidence matrix is

P (Wij = wij; i = 1, 2, . . . , S; j = 1, 2, . . . , T )

=

T
∏

j=1

S
∏

i=1

π
wij

i (1 − πi)
1−wij

=

S
∏

i=1

πyi

i (1 − πi)
T−yi . (16a)

The row sums (Y1, Y2, . . . , YS) are thus
the sufficient statistics under model Mh,
and our analysis is based on the inci-
dence frequency counts Qk defined from
(Y1, Y2, . . . , YS). From (16a), the model
is also equivalent to a product-binomial
model for the observed species frequencies:

P (Yi = yi; i = 1, 2, . . . , S)

=

S
∏

i=1

(

T

yi

)

πyi

i (1 − πi)
T−yi . (16b)

Quadrat sampling has been widely used
to estimate abundance of plants and other
sessile organisms. The models for quadrat
sampling can be formulated as a special
type of model Mh with πi specifically in
terms of species occupancy rate and species
detectability in each quadrat. Suppose that
the region under investigation is divided
into T ∗ disjoint quadrats of the same area,
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a sample of T quadrats are randomly se-
lected. Then each selected quadrat is sur-
veyed and the presence or absence of any
species for each of these T quadrats is
recorded. We assume that T is relatively
small to T ∗ so that sampling with replace-
ment and the sampling without replace-
ment differ little. Let Mi be the unknown
number of occupied quadrats by the ith
species, i = 1, 2, . . . , S. Assume that in
each sampling unit, the conditional prob-
ability of detecting species i in any se-
lected quadrat (given species i is present)
is 0 < αi ≤ 1. That is, any selected
sampling unit need not be completely cen-
sused. The model assumes that out of these
Mi quadrats, species i can only be detected
in Ui quadrats. Here Ui is also unknown
and Mi ≥ Ui ≥ 1. (For any species with
Ui = 0, there is no chance to detect this
species in any sample, so it should be ex-
cluded in the estimating target.) Thus, Ui

is a truncated binomial distribution with
probability

P (Ui = u) =

(

Mi

u

)

αu
i (1 − αi)

Mi−u

1 − (1 − αi)Mi
,

u = 1, 2, . . . ,Mi.

In the other T ∗−Ui quadrats, either species
i is absent or it is present but cannot be
detected. Here we may assume any types
of distributions for species detection prob-
ability αi (e.q., constant, uniform distribu-
tion and beta distributions). The sample
frequencies (Y1, Y2, . . . , YS) given Ui = ui,
i = 1, 2, . . . , S, follow a product-binomial
distribution:

P (Yi = yi; i = 1, 2, . . . , S)

=

S
∏

i=1

(

T

yi

)

(
ui

T ∗
)yi(1 −

ui

T ∗
)T−yi ,

1 ≤ ui ≤Mi. (16c)

This is a special case of model Mh in which
the detection probability for species i in
any sampling unit is πi = Ui/T

∗, which has

an approximately mean value Miαi/T
∗, a

product of occupancy rate Mi/T
∗ and the

detectability αi.

Parametric or likelihood-based ap-
proach As in the abundance model, fur-
ther assumptions about the detection prob-
abilities π1, π2, . . . , πS under model Mh

can be made so that the number of pa-
rameters can be reduced and the in-
ference procedures can be simplified. A
common parametric model is the beta-
binomial model, where the detection prob-
abilities are assumed to be a random sam-
ple from a beta distribution [11][40] with
density f(π;α, β) = Γ(α + β)πα−1(1 −
π)β−1/[Γ(α)Γ(β)]. The likelihood is simi-
lar to that in Equation (5b), with pθ(k)
replaced by the following:

∫ 1

0

(

T

k

)

πk(1 − π)T−kf(π;α, β)dπ

=

(

T

k

)

Γ(α)Γ(β)

Γ(α+ β)

Γ(α+ k)Γ(β + T − k)

Γ(α+ β + T )
,

k = 0, 1, 2, . . . (17)

Then based on (5b) and (5c), the UMLE
and CMLE can be obtained and all esti-
mation procedures are similar to those dis-
cussed for the abundance data. Numerical
iterations are required to obtain estimates,
which may not be obtainable due to failure
of convergences.

There are other parametric assumptions.
For example, Pledger [80] assumed a latent
class or a finite mixture model. That is,
there are several groups of species and in
each group the detection rates are assumed
to be homogeneous within each class. Coull
and Agresti [38] used a normal distribution
to model the effects {l1, l2, . . . , lS}, where
li = logit(πi) = log[πi/(1− πi)]. These ap-
proaches work well only when the speci-
fied parametric models are the true mod-
els. For example, in the latent class model,
it works well only when there are actu-
ally contain groups of individuals that are
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thought to have different detection rates
of capture. Standard inference estimation
procedures involving numerical iterations
are then applied to obtain species richness
estimates and the associated confidence in-
tervals.

Non-Parametric Approaches

The Chao2 Estimator [13] Most of
the non-parametric estimators were origi-
nally derived for capture-recapture exper-
iments [14]. Under model Mh, it follows
from Equation (16b) that each species in-
cidence frequency is a binomial distribu-
tion. Using similar steps as we used in our
derivation of the Chao1 estimator for the
abundance model, we obtain the following
Chao2 lower bound for species richness un-
der the model Mh: [13]

ŜChao2 = Sobs +
T − 1

T

Q2
1

2Q2

,

if Q2 > 0

= Sobs +
T − 1

T

Q1(Q1 − 1)

2
,

if Q2 = 0 (18a)

Unlike the Chao1 estimator, here the fac-
tor (T − 1)/T cannot be neglected because
in sample-based data, T may not be suf-
ficiently large. When Q2 > 0, a variance
estimator for the Chao2 lower bound is:

ˆvar(ŜChao2)

= Q2

[

A

2
(
Q1

Q2

)2 + A2(
Q1

Q2

)3 +
1

4
A2(

Q1

Q2

)2
]

,

(18b)

where A = (T − 1)/T . When Q2 = 0, the
variance is modified to [29]:

ˆvar(ŜChao2) =
AQ1(Q1 − 1)

2

+
A2Q1(2Q1 − 1)2

4

−
A2Q4

1

4ŜChao2

.

The Chao2 estimator is also valid under the
model in Equation (16c). This implies that
as long as quadrats are randomly selected,
the use of the Chao2 estimator is justified
in quadrat sampling even if species are spa-
tially aggregated in the study area.

In some surveys, a sample of T sampling
units is randomly selected without replace-
ment from a total of T ∗units so that any
unit cannot be repeatedly selected. Chao
and Lin [24] modify the model in Equation
(16c) by assuming that the sample frequen-
cies (Y1, Y2, . . . , YS) given Ui = ui follow a
product-hypergeometric distribution:

P (Yi = yi, i = 1, 2, . . . , S)

=

S
∏

i=1

(

ui

yi

)(

T ∗ − ui

T − yi

)

/

(

T ∗

T

)

,

1 ≤ ui ≤Mi.

That is, (Y1, Y2, . . . , YS) are independent
but non-identically distributed random
variables and each follows a hypergeomet-
ric distribution. They extended the Chao2
estimator to the following estimator

ŜChao2.wor = Sobs +
Q2

1

T
T − 1

2Q2 +
q

1 − qQ1

,

where again the subscript “wor” refers to
“without replacement”, and q = T/T ∗

denotes the known sampling ratio. When
the sample fraction q approaches zero, the
lower bound approaches the Chao2 estima-
tor given in (18a). When q approaches 1 so
that all individuals are observed, q/(1− q)
approaches infinity and the lower bound
tends to the number of observed species,
which equals the true parameter when all
sampling units have been selected.

The ICE [65] Parallel to the ACE,
there is a corresponding Incidence-based
Coverage Estimator (ICE) for incidence
data under model Mh. The definition of
“sample coverage” is modified to C =
∑S

i=1
πiI(Yi > 0)/

∑S
i=1

πi, which can be
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very accurately estimated from data. As
with the ACE, we first select a cut-off
point κ that partitions the data into an
infrequent species group (incidence fre-
quency not larger than κ) and a frequent
species group (incidence frequency larger
than κ). Denote the number of species in
the frequent group by Sfreq =

∑

i>κ Qi

and the number of species in the infre-
quent group by Sinfreq =

∑κ
i=1

Qi. The es-
timated sample coverage for the infrequent
group is Ĉinfreq = 1 −Q1/

∑κ

i=1
iQi. Let

the number of sampling units that include
at least one infrequent species be Tinfreq .
Then the ICE is expressed as

ŜICE = Sfreq +
Sinfreq

Ĉinfreq

+
Q1

Ĉinfreq

γ̂2
infreq ,

(19a)

where γ̂2
infreq is the estimate of the squared

CV of the species detection probabilities
π1, π2, . . . , πS:

γ̂2
infreq =max{

Sinfreq

Ĉinfreq

Tinfreq

(Tinfreq − 1)

×

∑κ
i=1

i(i− 1)Qi

(
∑κ

i=1
iQi)(

∑κ
i=1

iQi − 1)
− 1, 0}.

(19b)

Here, we also recommend using κ =
max(10, n/Sobs) as in the ACE. If CV ap-
proaches zero, then the ICE is reduced to
the following estimator for a homogeneous
model (i.e., π1 = π2 = . . . = πS)

Ŝ0 = Sfreq +
Sinfreq

Ĉinfreq

, (20)

which is similar to that in Equation (4b).
For highly-heterogeneous cases, a modified
ICE-1 is suggested:

ŜICE-1

= Sfreq +
Sinfreq

Ĉinfreq

+
Q1

Ĉinfreq

γ̃2
infreq ,

(21)

where

γ̃2
infreq = max{ŜICE

Tinfreq

(Tinfreq − 1)

×

∑κ
i=1

i(i− 1)Qi

(
∑κ

i=1
iQi)(

∑κ
i=1

iQi − 1)
− 1, 0}.

Under model Mh, confidence intervals of
species richness associated with ICE and
ICE-1 can be obtained based on an analytic
asymptotic variances [65].

The Jackknife Estimator [10] For in-
cidence data, the first-order jackknife for T
sampling units is:

Ŝjk1 = Sobs +
T − 1

T
Q1, (22a)

and the second-order jackknife is:

Ŝjk2 = Sobs +
2T − 3

T
Q1 −

(T − 2)2

T (T − 1)
Q2.

(22b)

All jackknife estimators can be expressed
as linear combinations of incidence fre-
quency counts and thus approximate vari-
ances and confidence intervals can be ob-
tained [10].

Non-parametric MLE [69][71] The
NPMLE approach can be similarly applied
to incidence data. A mixed binomial model
with a non-parametric mixing distribution
F is considered in this approach. Substi-

tuting pF (k) =
∫ 1

0

(

T
k

)

πk(1 − π)T−kdF (π)
for k = 0, 1, . . ., into Equation (5b), we ob-
tain the likelihood in terms of S and the
distribution F . As in the abundance data
case, the NPMLE of F is a finite mixture of
point masses and numerical procedures are
needed to obtain the NPMLE. See [69][71]
for details.

Example 2 (Real Data from a Cotton-
tail Population with known param-
eter) As described earlier, the estima-
tion of species richness for incidence data
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Table 3: Comparison of various population size estimates based on the SPADE output
for cottontail rabbit capture-recapture data [41]. True population size = 135.

Estimator/Model Eq. in text Estimate s.e. 95% confidence
interval

Homogeneous Model (20) 109 10.6 (93.9, 136.9)
Chao2 (Chao, 1987) (18a) 130.6 22.8 (100.9, 195.6)

ICE (19a) 133.0 8.3 (118.9, 151.7)
ICE-1 (21) 153.9 15.2 (129.4, 189.8)

1st order jackknife (22a) 116.6 8.9 (102.6, 138.0)
2nd order jackknife (22b) 141.4 14.9 (118.2, 177.6)

Beta-binomial-CMLE (17), (5c) 320.6 752.4 (88.1, 5004.8)
Beta-binomial-UMLE (17), (5b) * * (*, *)

∗ iterative steps do not converge

is equivalent to the estimation of popu-
lation size in a capture-recapture experi-
ment. In the context of population size es-
timation, there were some well known real
capture-recapture data sets collected from
populations with known sizes. We use the
cottontail capture-recapture data provided
in [41] for illustration. Edwards and Eber-
hardt conducted a live-trapping study on
a confined cottontail population of known
size. In their study, 135 cottontail rabbits
were penned in a 4-acre rabbit-proof en-
closure. Live trapping was conducted for
18 consecutive nights. To distinguish indi-
viduals, a unique tag was attached to each
individual so that the capture history of
each individual captured in the experiment
was known. A total of 142 captures were
recorded and there were Sobs = 76 distinct
rabbits. For these data, the incidence fre-
quency counts (Q1 to Q7) were 43, 16, 8,
6, 0, 2, 1. In Table 3, we show various
population size estimates, their estimated
s.e.’s and 95 confidence intervals based on
the output from the SPADE program.

The CV estimate computed from Equa-
tion (13b) is 0.654, indicating the exis-
tence of significant heterogeneity among
individuals’ capture probabilities. Any es-
timate under a homogeneous model (equal-

capture probabilities) would have a severe
negative bias. In Table 3, the homogeneous
model using Equation (20) gives an esti-
mate of 109 which is far from the true
population size of 135. The UMLE under
a beta-binomial model is not obtainable
due to the failure of convergence of the
iterative steps in computation. The corre-
sponding CMLE exhibits a large positive
bias and a large variation. These render
the two parametric estimates useless. The
Chao2 estimate gives a very sharp lower
bound 130.6 (s.e. 22.8) with a 95% confi-
dence interval of (100.9, 195.6). The ICE
gives an estimate of 133 with a 95% confi-
dence interval of (118.9, 151.7). The ICE
has the lowest bias among those considered
in Table 3. The first-order jackknife esti-
mator severely underestimates whereas the
second-order jackknife estimator slightly
overestimates, with a wider 95% confidence
interval (118.2, 177.6) than that based on
the ICE.

1.6 Rarefaction and
Extrapolation
(Abundance Data)

Discrete-Type Sampling The classic
rarefaction model refers to the multinomial
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model in Equation (1) based on species rel-
ative abundances. The model can be ex-
tended to the more general model in Equa-
tion (2) based on species detection proba-
bilities. If we knew the true species de-
tection probabilities ψ1, ψ2, . . . , ψS of each
of the S species, we could compute the ex-
pected number of species Sind(m) in a ran-
dom subset of m individuals from the ref-
erence sample (m < n), using the following
function:

Sind(m) = S −

S
∑

i=1

(1 − ψi)
m. (23a)

However, we need to estimate it based on
a sample of n individuals with observed
species frequencies Xi for species i. It fol-
lows from [92] that the minimum variance
unbiased estimator (MVUE) for Sind(m) is

S̃ind(m) = Sobs −
∑

Xi>1

(

n−Xi

m

)

/

(

n

m

)

.

(23b)

There are two kinds of variance associ-
ated with the estimator S̃ind(m). A “con-
ditional” (on reference sample) variance
only focuses on the variation of species
richness in the sampling procedure of the
given reference sample. That is, if the sam-
pling for the reference sample were stopped
at the size m, this is what the variation
about the species richness estimate would
be. Thus the conditional variance tends
to zero when the rarefied sample size ap-
proaches the size of the reference sample
because species richness of sample size of n
is fixed. An “unconditional” variance gives
the variation of species richness if another
new sample of size m is taken from the en-
tire assemblage. Therefore, the uncondi-
tional variance does not vanish when sam-
ple size tends to n. In most applications,
unconditional variance is more useful as
the inference is often not restricted to the
reference sample. An asymptotic uncondi-
tional variance for S̃ind(m) was derived in

[35]:

σ2
ind(m)

=

n
∑

k=1

(1 − αkm)2fk − S̃2
ind(m)/Sest.

(24)

where Sest is an estimate of species rich-
ness (Chao1 or ACE), αkm = (n− k)!(n−
m)!/[n!(n − k − m)!] for k ≤ n −m, and
αkm = 0 otherwise. This variance works
well if sample size is sufficiently large, but
it generally overestimates for small sam-
ple sizes. Thus the confidence intervals con-
structed by using this asymptotic variance
are conservative. When sample size is not
large, a bootstrap variance is suggested
[35]. Details are given in the User’s Guide
of the iNEXT program (see Section 11).

The extrapolation problem is to estimate
the expected number of species Sind(n +
m∗) in an augmented sample of n + m∗

individuals from the assemblage (m∗ >
0). The theoretical formula, for a given
Sobs, can be expressed as

Sind(n +m∗)

= Sobs −

S
∑

i=1

[

1 − (1 − ψi)
m∗

]

(1 − ψi)
n.

(25a)

Note that when m∗ tends to infinity,
E[Sind(n+m∗)] tends to species richness.
Based only on the reference sample, with
observed species frequencies Xi and their
frequency counts fi, Shen et al. [89] derived
the following useful predictor:

S̃ind(n+m∗)

= Sobs − f̂0

[

1 − (1 −
f1

nf̂0
)m∗

]

≈ Sobs + f̂0

[

1 − exp(−
m∗

n

f1

f̂0
)

]

. (25b)

They also derived an asymptotic uncondi-
tional variance estimator for S̃ind(n+m∗).



Estimation of Species Richness and Shared Species Richness 21

A bootstrap variance estimator is used in-
stead in the iNEXT program.

In the prediction formula (25b), we must

determine f̂0, an estimator for f0 (the num-
ber of undetected species). We suggest that

f̂0 can be obtained by using either the
Chao1 estimator (f̂0 = ŜChao1 − Sobs)

or the ACE estimator (f̂0 = ŜACE −
Sobs). When m∗ tends to infinity, the ex-

trapolated estimator approaches Sobs + f̂0,
implying the selected species richness es-
timator is exactly the asymptotic value
of our extrapolation formula. We would
suggest that the extrapolation is reliable,
in terms of the bias with respect to the
true value Sind(n + m∗), at most only
up to a tripling of the reference sam-
ple size, or more conservatively, a dou-
bling of reference sample size. The pre-
cision of the extrapolation generally de-
pends on the amount of data in the ref-
erence sample. Sparse data would lead to
very large variances especially for long-
range forecast. On the other hand, abun-
dant data would result in precise esti-
mates for all extrapolated values and the
selected species richness estimator, but the
bias may become substantial for long-range
forecast. Similar conclusions apply to all
extrapolations in the following sections.

Continuous-Type Sampling Under
the area-based product-Poisson model
(Coleman rarefaction) given in Equation
(3), the rarefaction is to estimate the
expected number of species Sarea(a) in
a random sub-area of size a within the
reference area of size A (a < A). If we
knew the true Poisson occurrence rates
(λ1, λ2, . . . , λS) of each of the S species in
the assemblage, we could compute

Sarea(a) = S −

S
∑

i=1

exp(−aλi). (26a)

Based on species abundances Xi in the ref-
erence sample, Coleman [33] obtained the

following estimator

S̃area(a) = Sobs −
∑

Xi>0

(

1 −
a

A

)Xi

.

(26b)

This estimator is the MVUE for Sarea(a)
from basic statistical theory.

The extrapolation is to estimate the ex-
pected number of species Sarea(A + a∗) in
an augmented area A+a∗ (a∗ > 0). Given
Sobs, the theoretical formula can be ex-
pressed as

Sarea(A+ a∗)

= Sobs −
S

∑

i=1

[1 − exp(−a∗λi)] exp(−Aλi).

(27a)

Working from species abundances Xi in the
reference sample, Chao and Shen [27] pro-
posed an estimator for Sarea(A + a∗),

S̃area(A+ a∗)

= Sobs − f̂0

[

1 − exp(−
a∗

A

f1

f̂0
)

]

, (27b)

where f̂0 = ŜChao1 − Sobs or f̂0 = ŜACE −
Sobs. They also derived an asymptotic vari-
ance estimator for S̃area(A + a∗). As in
the individual-based case, we can use an
asymptotic unconditional variance or a
bootstrap method to assess the variance
for the estimator (26b) and the predictor
(27b).

Example 3 (Beetle Abundance Data)
We used two beetle data sets provided
in [60][61] to illustrate how to apply
individual-based rarefaction and extrapo-
lation to the same reference sample. The
purpose is to compare beetle species rich-
ness between Osa second-growth site and
Osa old-growth site. This example was
also discussed in [35]. The data are dupli-
cated in Table 4. The sample sizes (number
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of individual beetles) for the Osa second-
growth is much larger than the size for
the Osa old-growth site (976 vs. 237 in-
dividuals, see Figure 1). From the unstan-
dardized raw data (the reference samples),
one might conclude that the second-growth
site has more beetle species than the old-
growth site (140 vs. 112) (Figure 1, solid
points). Using Equation (23b), we plot for
each site the individual-based rarefaction
S̃ind(m) for m ranges from 1 to the size
of a reference sample; see the two solid
lines in Figure 1. When the sample size
in the second-growth site is rarefied down
to 237 individuals to match the size of the
old-growth sample, the ordering of the two
sites is reversed. The interpolated species
richness for 237 individuals in the second-
growth site is only 70, considerably less
than the old-growth site, with 112 species.

Applying the extrapolation formula
(Equation 25b with f̂0 = ŜChao1 −Sobs) to
the Janzen data set to increase the sam-
ple size in each site yields the extrapo-
lated curves (broken line curves) for each
site in Figure 1. For each of the extrapo-
lation curves, we plot S̃ind(n+m∗), where
n + m∗ ranges from reference sample size
0 to 1300. Even though the mathematical
derivations for interpolation and extrapo-
lation are fundamentally different, the in-
terpolation and extrapolation curves join
smoothly at the single data point of the
reference sample. The confidence intervals
for both interpolation and extrapolation
curves based on bootstrap s.e.’s are also
linked smoothly.

For both samples, the interpolated and
extrapolated richness, and their 95% confi-
dence interval, increased with sample size.
For extrapolation, the variances associated
with the extrapolated values are relatively
small up to a doubling of the reference
sample, signifying quite accurate extrap-
olation in this range. For the Osa old-
growth site, the extrapolation is extended
to five times of the original sample size

in order to compare with the Osa second-
growth curve. This long-range extrapola-
tion inevitably yields very wide confidence
intervals due to relatively sparse data. For
the Osa the second-growth site with more
abundant data, the extrapolation is ex-
tended to only less than double the refer-
ence sample size, yielding a quite accurate
extrapolated estimate with a narrow confi-
dence interval.

Based on Figure 1, even though the
Osa old-growth site extrapolation for large
sample sizes exhibits high variance, the
old-growth and second-growth confidence
intervals do not overlap up to size of 1300,
except initially for very small sample sizes,
and the two 95% confidence intervals based
on a bootstrap method do not overlap for
any sample size considered. This implies
that beetle species richness for any sam-
ple size is significantly greater in the old-
growth site than that in the second-growth
site for sample size up to 1300 individuals.

When the augmented size tends to in-
finity in the extrapolation, each curve
approaches the Chao1 estimator. In the
second-growth site, the Chao1 estimate is
284.1 (s.e. 50.5) with a 95% confidence in-
terval of (213.9, 420.9). The corresponding
Chao1 estimate for the old-growth site is
464.8 (s.e. 136.8) with a 95% confidence
interval of (281.4, 846.9). Although the
two intervals overlap considerably due to
a large variance associated with the esti-
mate of the old-growth site, the Chao1 es-
timates imply that the species in the old-
growth assemblage is richer. A similar con-
clusion is also valid if the ACE, ACE-1, and
second-order jackknife are used in the ex-
trapolation formula. (Only the first-order
jackknife implies a reversed ordering.)

The traditional rarefaction downsamples
to standardize sample size. A recent new
proposal by [1] and [63] is to standardize
sample coverage. A given sample size may
be sufficient to find all species in one assem-
blage, but may find only a small percentage
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Figure 1: Individual-based interpolation (solid lines) and extrapolation (broken lines)
from two reference samples (filled circles) of beetles from Costa Rica Osa old-growth site
and Osa second-growth site [60] [61]. The two curves and their associated 95% bootstrap
confidence intervals are shown up to a sample size of 1300. This curve is part of the
output from program iNEXT (see Section 11). This figure is slightly different from that
in [35] because different methods are used in constructing confidence intervals.

Table 4: The species abundance frequency counts for beetles from two sites on the Osa
Peninsula in southwestern Costa Rica [60] [61].

Osa second-growth site: Sobs = 140, n = 976

i 1 2 3 4 5 6 7 8 9 10 11 12 14
fi 70 17 4 5 5 5 5 3 1 2 3 2 2

i 17 19 20 21 24 26 40 57 60 64 71 77

fi 1 2 3 1 1 1 1 2 1 1 1 1

Osa old-growth site: Sobs = 112, n = 237

i 1 2 3 4 5 6 7 8 14 42
fi 84 10 4 3 5 1 2 1 1 1
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of species in another assemblage that con-
tains many rare species. Subsamples stan-
dardized by size may therefore represent
different degrees of completeness. As de-
scribed earlier, “sample coverage” char-
acterizes the degree of completeness of a
given sample. For example, the sample cov-
erage estimates show that these two sam-
ples have very different degrees of com-
pleteness. In the second-growth site, the
number of singletons was f1 = 70, implying
that the sample completeness (i.e., cover-
age estimate) is 1 − f1/n = 1 − 70/976 =
93%. In the old-growth site, there were
f1 = 84 singletons, thus the sample com-
pleteness is 1 − 84/237 = 65%. In other
words, for the old-growth site, the sample
only covers 65% of the population, whereas
the sample in the second-growth site covers
93%. Rarefaction to a target level of sam-
ple coverage allows informative comparison
of equally-complete samples from multiple
assemblages. See the two above-mentioned
papers and [22] for analytic formulas and
details.

1.7 Rarefaction and
Extrapolation
(Incidence Data)

Sample-based rarefaction is formulated un-
der model Mh (Equation 16b) in which
the incidence frequency counts Yi follows
a binomial distribution with T sampling
units and detection probability πi for the
ith species in any sampling unit, or un-
der a quadrat sampling (Equation 16c),
with model Mh and πi = ui/T

∗. Let
Ssample(t) be the expected number of
species in a set of t sampling units ran-
domly selected from the assemblage. If we
knew the true species detection probabili-
ties π1, π2, . . . , πS of each of the S species

in each sampling unit, we could compute

Ssample(t) = S −

S
∑

i=1

(1 − πi)
t. (28a)

Based on the incidence reference sam-
ple with frequencies Yi, the MVUE for
Ssample(t) is

S̃sample(t) = Sobs −
∑

Yi>0

(

T−Yi

t

)

(

T
t

) . (28b)

This analytic formula was first derived by
Shinozaki [90] and rediscovered multiple
times [32]. Colwell et al. ([37], their Equa-
tion 6) developed an asymptotic estimator
for the unconditional variance in terms of
the frequency counts Qk, similar to Equa-
tion (24).

The extrapolation problem is to es-
timate the expected number of species
Ssample(T + t∗) in an augmented set of
T + t∗ sampling units (t∗ > 0) from the
assemblage. For a given Sobs, the theoret-
ical formula can be written as

Ssample(T + t∗)

= Sobs +
S

∑

i=1

[

1 − (1 − πi)
t∗

]

(1 − πi)
T .

(29a)

Chao et al. ([18], their Appendix) obtained
an estimator

S̃sample(T + t∗)

= Sobs − Q̂0

[

1 − (1 −
Q1

Q1 + T f̂0
)t∗

]

≈ Sobs + Q̂0

[

1 − exp(−
tQ1

Q1 + TQ̂0

)

]

,

(29b)

where Q̂0 can be obtained by using either
the Chao2 estimator (Q̂0 = ŜChao2 − Sobs)
or the ICE estimator (Q̂0 = ŜICE − Sobs).
In the program iNEXT, a bootstrap vari-
ance estimator is adopted for the estimator
in (28b) and (29b).
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Example 4 (Soil Ciliates Incidence
Data) This data set includes soil ciliate
species presence or absence data for a total
of 51 soil samples from three areas (South-
ern Namib Desert, Central Namib Desert
and Atosha Pan) of Namibia, Africa. The
numbers of soil samples are respectively 15,
17 and 19 in the three areas. The inci-
dence frequency counts are shown in Ta-
ble 5 (original data are provided in [46]
p.58-63). Detailed sampling locations, pro-
cedures and species identification were de-
scribed in [46]. A total of 331 species were
recorded in the data. The Atosha Pan
has the highest observed species richness
(Sobs = 234), the Central area has the
lowest observed species richness (Sobs =
136) and the Southern area is in between
(Sobs = 154).

As in the beetle data, the rarefaction
and extrapolation curves (Equations 28b
and 29b) are linked as shown in Figure
2. For sample-based rarefaction, we plot
S̃sample(t) (solid line curves in Figure 2)
for t ranges from 1 to the size of a refer-
ence sample. When all sample sizes of the
three areas are standardized to the small-
est size 15, the ordering of the three areas
is the same as that based on the observed
richness values.

Applying the formula (29b) with Q̂0 =
ŜChao2 − Sobs to the three samples to in-
crease the soil sample size in each area
yields the extrapolated curves (broken line
curves) for each area in Figure 2. For
each of the extrapolation curves, we plot
S̃sample(T + t∗), where T + t∗ ranges from
the reference sample size to a size of 38. As
in the abundance data, we have a smooth
curve for the interpolation and extrapola-
tion curves that are linked at the single
data point of the reference sample. Simi-
lar smooth curves occur for the confidence
intervals. Since data are abundant, all the
extrapolated values have acceptable uncer-
tainty with relatively narrow confidence in-
tervals. Except for very small sample sizes,

the three bootstrap intervals do not over-
lap up to 38 soil samples. Therefore, the
ordering for ciliate species richness for any
sample size would remain the same as that
for the observed richness values up to 38
soil samples.

When the augmented size tends to in-
finity in the extrapolation, each curve
approaches the Chao2 estimator. In the
Southern Namib Desert, the Chao2 esti-
mate is 270.3 (s.e. 34.9) with a 95% con-
fidence interval of (219.4, 360.8); in the
Central Namib Desert, the Chao2 estimate
is 216 (s.e. 26.1) with a 95% confidence
interval of (178.9, 285.1); in the Etosha
Pan, the estimate is 402.2 (s.e. 41.4) with
a 95% confidence interval of (338.5, 504.7).
All estimates indicate that there are still a
substantial fraction of undetected species
in the current data. The interval for the
Etosha Pan does not overlap with that for
the Central Namib Desert, but the inter-
vals for the other two pairs of areas do
overlap. These estimates imply the same
ordering as that from the observed species
richness. The same ordering is shown based
on the ICE, ICE-1, and the first two orders
of jackknife estimators.

1.8 Shared Species Richness
Estimation (Abundance
Data)

As indicated by Colwell and Codding-
ton [36], the problem of estimating the
true number of species shared by two
(or more) sites or biotas based on sam-
ple data presents a difficult but important
challenge. The first statistical estimator of
shared species was developed by Chao et
al. [21] who developed a generalization of
ACE- and ICE-type shared species rich-
ness estimators for two assemblages. How-
ever, these estimators cannot be easily ex-
tended to the general case when there are
more than two assemblages. Pan et al. [78]
proposed the Chao1-type and Chao2-type
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Table 5: Incidence frequency counts for ciliates in three regions of Namibia Desert (Orig-
inal data are given in [46, p. 58-63]).

Southern Namib Desert (T = 15, Sobs = 154)

i 1 2 3 4 5 6 7 8 9 10 11 12 13
Qi 85 29 14 9 5 1 1 2 2 1 2 2 1

Central Namib Desert (T = 17, Sobs = 136)
i 1 2 3 4 5 6 7 8 9 11 12 15 16

Qi 69 28 13 4 3 7 1 2 1 1 1 3 3

Etosha Pan (T = 19, Sobs = 234)
i 1 2 3 4 5 6 7 8 9 10 11 12 14

Qi 125 44 26 14 6 5 4 3 2 2 1 1 1

Figure 2: Sample-based interpolation (solid lines) and extrapolation (broken lines) from
three reference samples (filled circles) of ciliate species from the Southern Namib Desert,
Central Namib Desert and Etosha Pan of Namibia, Africa [46]. The three curves and
their associated 95% bootstrap confidence intervals are shown up to 38 soil samples. This
curve is part of the output from the iNEXT program.
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lower bounds for shared species richness
and provided a unified approach to con-
struct lower bounds for more than two as-
semblages. We will mainly focus on the
Chao1-type and Chao2-type shared species
richness estimators.

Assume that there are S1 species in
Assemblage I and there are S2 species in
Assemblage II. Under the multinomial
model in Equation (2), the species detec-
tion probabilities in Assemblages I and
II are denoted by (ψ11, ψ21, . . . , ψS1,1)
and (ψ12, ψ22, . . . , ψS2,2), respectively.
∑S1

i=1
ψi1 =

∑S2

i=1
ψi2 = 1. Let the number

of shared species be S12. Without loss
of generality, we assume that the first
S12 species are the shared species. Two
random samples (Sample I with size n1

and Sample II with size n2) are taken from
Assemblages I and II, respectively. Denote
the observed species frequencies in the
two samples by (X11, X21, . . . , XS1,1) and
(X12, X22, . . . , XS2,2) respectively. Assume
that D12 shared species are observed. Let
fjk denote the number of shared species
that are observed j times in Sample I
and k times in Sample II. In particular,
f11 denotes the number of shared species
that are singletons in both samples, and
f00 denotes the number of shared species
that are missed in both samples. Also, f+0

denotes the number of shared species that
are observed in Sample I but not observed
in Sample II, and a similar interpretation
for f0+.

The Chao1-shared Lower Bound [78]
Like the Chao1 species richness estimator,
the Chao1-shared estimator was derived
[78] as a lower bound by using the Cauchy-
Schwarz inequality based on information
from rare shared species. The basic idea,
like the Chao1 estimator, is that abundant
shared species carry negligible information
about the undetected shared species. Only
rare shared species carry nearly all such in-
formation. Since S12 = D12+f+0+f0++f00

and only D12 is observable, our approach
is to find a lower bound for each of the ex-
pected values of the other three terms, i.e.,
E(f+0), E(f0+) and E(f00). Assuming a
multinomial model (Equation 2) for each
of the two sets of frequencies, we have

E(f00) =

S12
∑

i=1

(1 − ψi1)
n1(1 − ψi2)

n2,

E(f+0) =

S12
∑

i=1

[1 − (1 − ψi1)
n1](1 − ψi2)

n2 ,

E(f0+) =

S12
∑

i=1

(1 − ψi1)
n1 [1 − (1 − ψi2)

n2 ].

To obtain a lower bound for E(f+0), note
that

E(f+1) =

S12
∑

i=1

[1− (1 − ψi1)
n1 ]

× n2ψi2(1 − ψi2)
n2−1,

E(f+2) =

S12
∑

i=1

[1− (1 − ψi1)
n1 ]

×

(

n2

2

)

ψ2
i2(1 − ψi2)

n2−2.

The following Cauchy-Schwarz inequality
[

S12
∑

i=1

[1 − (1 − ψi1)
n1 ](1 − ψi2)

n2

]

×

[

S12
∑

i=1

[1 − (1 − ψi1)
n1 ]ψ2

i2(1 − ψi2)
n2−2

]

≥

[

S12
∑

i=1

[1 − (1 − ψi1)
n1 ]ψi2(1 − ψi2)

n2−1

]2

leads to

E(f+0) ≥
(n2 − 1)

n2

[E(f+1)]
2

2E(f+2)
.

Similarly, a lower bound for E(f0+) is

E(f0+) ≥
(n1 − 1)

n1

[E(f1+)]2

2E(f2+)
.
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A lower bound for E(f00) is obtained by
noting

E(f11) =

S12
∑

i=1

n1ψi1(1 − ψi1)
n1

× n2ψi2(1 − ψi2)
n2−1,

E(f22) =

S12
∑

i=1

(

n1

2

)

ψ2
i1(1 − ψi1)

n1−2

×

(

n2

2

)

ψ2
i2(1 − ψi2)

n2−2.

Again, a similar Cauchy-Schwarz inequal-
ity

[

S12
∑

i=1

(1 − ψi1)
n1(1 − ψi2)

n2

]

×

[

S12
∑

i=1

ψ2
i1(1 − ψi1)

n1−2ψ2
i2(1 − ψi2)

n2−2

]

≥

[

S12
∑

i=1

ψi1(1 − ψi1)
n1−1ψi2(1 − ψi2)

n2−1

]2

gives

E(f00) ≥
(n1 − 1)

n1

(n2 − 1)

n2

[E(f11)]
2

4E(f22)
.

Combining the above three lower bounds,
we obtain a lower bound for the shared
species richness:

Ŝ12 = D12+k1

f2
1+

2f2+

+ k2

f2
+1

2f+2

+k1k2

f2
11

4f22

, (30a)

where ki = (ni − 1)/ni. This estimator is
referred to as the Chao1-shared estimator
because it can be regarded as an extension
of the Chao1 estimator to the case of two
assemblages. In Equation (30a), note that
only those shared species that are single-
tons or doubletons in at least one of the

samples are used to infer the undetected
shared species richness. In many cases, the
sample sizes n1 and n2 are large for abun-
dance data so the terms (n1 − 1)/n1 and
(n2 − 1)/n2 can be dropped in the above
formula. If at least one variable in the set
{f2+, f+2, f22} is zero, then a modified es-
timator is

S̃12 = D12 + k1

f1+(f1+ − 1)

2(f2+ + 1)

+ k2

f+1(f+1 − 1)

2(f+2 + 1)
+ k1k2

f11(f11 − 1)

4(f22 + 1)
.

(30b)

Note that non-shared species play no
role in Equations (30a) and (30b), al-
though any observed non-shared species
could actually be a shared species. Be-
cause the proposed estimator can be re-
garded as a function of the statistics
(D12, f11, f22, f1+, f2+, f+1, f+2), a vari-
ance estimator can be obtained by using
a standard asymptotic approach under a
multinomial model, and this can be used
to construct a confidence interval for the
true parameter.

When there are more than two assem-
blages, a “shared” species is defined as that
the species belongs to all assemblages. For
example, in the case of three assemblages,
assume that there are S123 species shared
by three assemblages and a random sam-
ple is taken from each of the three as-
semblages. With self-explanatory notation
generalization, a lower bound for shared
species richness is

Ŝ123 = D123 + k1

f2
1++

2f2++

+ k2

f2
+1+

2f+2+

+ k3

f2
++1

2f++2

+ k1k2

f2
11+

4f22+

+ k1k3

f2
1+1

4f2+2

+ k2k3

f2
+11

4f+22

+ k1k2k3

f2
111

8f222

. (31)

The Chao1-shared estimators and their
asymptotic variances as well as confidence
intervals for shared species richness are
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featured in the SPADE program up to
five assemblages. Chao and Lin [24] for-
mulated the corresponding models and de-
rived shared species richness estimators un-
der sampling without replacement.

Example 5 (Tropic Tree Species
Abundance Data) Pan et al. [78] con-
ducted simulation studies to examine the
performance of the shared species rich-
ness estimators derived in Equations (30a),
(30b) and (31). Here we apply those es-
timators to tree species data collected in
2000 by Chazdon and colleagues on dif-
ferent tree sizes as measured by diameter
at breast height (DBH) from the plots in
the Lindero Sur (LUSR) old-growth forest
(> 200 years) of La Selva, Costa Rica. The
complete data were tabulated in [28]. We
focus on two sizes: trees (≥ 25 cm in DBH)
and saplings (1-5 cm in DBH). All trees
and saplings were marked and measured
for diameter within a 1 ha plot. There were
508 individual saplings of 101 species, and
119 individual trees of 37 species. There
were 29 shared species in data (D12 = 29.)
If we regard the data as a reference sam-
ple from the entire LSUR forest, then we
can link the rarefaction (Equation 23b) and
extrapolation curves using the Chao1 esti-
mate in the prediction formula (Equation
25b). Beyond the base point, the linked
curve for saplings is always above the curve
for trees. Except for initial sample sizes,
the two confidence intervals for any sample
sizes do not overlap, indicating the two ex-
pected species richnesses are significantly
different. When the sample size tends to
infinity, the extrapolated curve for saplings
tends to the Chao1 estimate (119.1 with
s.e. 8.81) with a 95% confidence interval of
(108.3, 145.7). The extrapolated curve for
trees tends to 58.5 (s.e. 12.46) with a 95%
confidence interval of (44.5, 98.7). The two
intervals do not intersect even in this lim-
iting case.

We can infer species richness shared by

the two different size assemblages. Using
our notation, the data give the following
information from the observed rare shared
species: f11 = 3, f12 = 1, f21 = 4, f22 = 3,
f1+ = 6, f2+ = 7, f+1 = 14, f+2 = 9,
where the sapling and tree assemblages are
referred to as Assemblage I and Assem-
blage II, respectively. It follows from Equa-
tion (30a) that the Chao1-shared species
richness estimator is Ŝ12 = 43.1 with
an asymptotic s.e. of 8.95. A 95% confi-
dence interval using a log-transformation
is (33.5, 73.1). The analysis suggests that
at least one-third of the shared species
were not detected in the samples. In ad-
dition to shared species richness, ecolo-
gists often also compute some other mea-
sures to quantify the compositional similar-
ity/dissimilarity between assemblages; see
[64] for details.

1.9 Shared Species Richness
Estimation (Incidence
Data)

The Chao2-shared Lower Bound
The Chao1-shared estimator developed for
abundance data can be directly adapted
to deal with the incidence case. All no-
tation and model formulation are similar
to those for abundance data. When there
are two assemblages, assume Sample I con-
sists of data for T1 sampling units ran-
domly taken from Assemblage I and Sam-
ple II consists of data for T2 sampling units
randomly selected from Assemblage II. In
each selected sampling unit, only pres-
ence/absence data are recorded. Assume
model Mh for each assemblage (see Equa-
tions 16b and 16c), and assume the two
sets of probabilities (π11, π21, . . . , πS1,1)
and (π12, π22, . . . , πS2,2) represent species
detection probabilities in Assemblages I
and II, respectively.

Let Yi1 and Yi2 denote the number of
sampling units containing the ith species
in Sample I and II, respectively. Let Qjk
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denote the number of shared species that
are detected in j sampling units in Sam-
ple I and k units in Sample II. Simi-
larly, we can define the statistics Q+k and
Qj+. Pan et al. [78] showed that the lower
bound and the modified version for the
number of shared species based on inci-
dence counts have the same forms as in
Equations (30a) and (30b) except that the
samples sizes n1 and n2 should be respec-
tively replaced by T1 and T2, and the abun-
dance counts (f11, f22, f1+, f2+, f+1, f+2)
replaced by the incidence counts (Q11,
Q22, Q1+, Q2+, Q+1, Q+2). These are the
observed shared statistics from shared
species that are “uniques” or “duplicates”
in at least one of the two samples. The re-
sulting shared estimator is referred to as
the Chao2-shared estimator. See [78] for
asymptotic variance and extension to the
general case. All the shared species rich-
ness estimators are featured in the SPADE
program.

Example 6 (Soil Ciliate Incidence
Data) We used the soil ciliate species
data to illustrate the shared species
richness estimation for two-assemblage
and three-assemblage cases. The data
given in Table 5 are not sufficient to
obtain shared species richness estima-
tors. Species identities or pair frequency
counts are required to compute the ob-
served shared richness D12 and the statis-
tics (Q11, Q22, Q1+, Q2+, Q+1, Q+2). The
species identities details are provided in
[46].

For the two-assemblage case, we use the
Southern Namib Desert and Etosha Pan
for illustration. If we regard the two ar-
eas as Assemblage I and Assemblage II, re-
spectively, then the observed shared rich-
ness between the two areas is D12 = 97
species. From the data, we have the fol-
lowing observed shared information from
the infrequent shared species: Q11 = 24,
Q22 = 7, Q1+ = 42, Q2+ = 20, Q+1 = 36,

and Q+2 = 19. These statistics carry al-
most all information about the number of
undetected shared species and are suffi-
cient to obtain the Chao2-shared species
richness estimate. We obtain Ŝ12 = 188.7
(s.e. 33.56) with a 95% confidence inter-
val of (142.7, 280.7). For these two areas,
we can conclude that at least half of the
shared species was not detected. Similar
inference can be made for the other two
pairs of areas. For the three-assemblage
case, there were 65 species shared by all
three areas in data. The shared species
richness estimator using a similar equation
as that in (31) gives an estimate of 125.7
(s.e. 30.12) with a 95% confidence inter-
val of (89.2, 217.3). This estimate indicates
that there is still a substantial fraction of
undetected species shared by the three as-
semblages. Our approach reveals the ex-
tent of underestimation and provides help-
ful information for understanding commu-
nity overlap of micro-organisms.

1.10 Applications

In the following, we list some application
areas along with specific goals in each:

• Population biology: estimation of the
size (i.e., the total number of individ-
uals) of biological populations based
on traditional capture-recapture data
[14][96] or DNA-based genetic-tagging
data [66][72].

• Genetics: estimation of the number of
genes or alleles based on sample fre-
quency counts [57].

• Genomics: estimation of the rich-
ness of operational taxonomic units
(OTUs) or the number of unique, non-
redundant gene sequences based on
microbial or other samples [55][70][86].

• Medical science and epidemiology: es-
timation of the number of different
cases for a specific disease by merging
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several incomplete lists of individuals
[14][56].

• Environmental science: estimation of
the number of organic pollutants that
were discharged to a water environ-
ment using survey data in the study
area [59].

• Software reliability: estimation of the
number of undiscovered bugs in a
piece of software when data in debug-
ging processes are available [6].

• Numismatics: estimation the number
of die types for ancient coins found in
a hoard [54].

• Archaeology: estimation the richness
of paradigmatic classes of stone tools
based on sample data from archaeo-
logical sites [43].

• Linguistics: estimation the size of
vocabulary for an author based on
his/her known writings [42].

1.11 Software

We only list free software that can be
downloaded from the Internet.

• EstimateS: developed by Colwell [34]
for computing a variety of biodi-
versity functions, estimators (includ-
ing estimators for species richness
and shared species richness), and in-
dices based on biotic sampling data.
http://purl.oclc.org/estimates.

• SPADE (Species Prediction And
Diversity Estimation): developed by
Chao and Shen [29]. SPADE features
estimation of species richness, shared
species richness, diversity indices,
similarity and dissimilarity mea-
sures based on biotic or genetic data.
http://chao.stat.nthu.edu.tw/software
CE.html

• CARE-2 (CApture-REcapture): de-
veloped by Chao and Yang [31] for
estimating population size based on
capture-recapture data. Covariates
models and analyses are also featured.
http://chao.stat.nthu.edu.tw/software
CE.html.

• iNEXT (interpolation-extrapolation):
an R package developed by Chao
et al. [25] specifically for com-
puting and plotting rarefaction
and extrapolation curves as shown
in Figures 1 and 2 of this article.
http://chao.stat.nthu.edu.tw/software
CE.html.

• WS2m: software developed by
Turner et al. [93] for the measure-
ment and analysis of species diversity.
http://eebweb.arizona.edu/diversity/.

• SPECIES: an R package for species
richness estimation developed by
Wang [95]. The package is avail-
able from the Comprehensive R
Archive http://CRAN.R-project.org/
package=SPECIES.
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